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PRESENTATION DU DOCUMENT

Ce document est constitué de deux rapports attachés, rédigés lors d'un stage de quatre mois
a I"Université Paris-Dauphine, entre avril et juillet 2021, au sein du CEntre de REcherche en
MAthématiques de la DEcision (CEREMADE), et sous la direction de Mathieu Lewin (CNRS).
Ce stage de recherche s’inscrit dans la troisitme année de scolarité & I'Ecole polytechnique, avec
I’aide de Frangois Golse en tant que référent, que nous tenons a remercier chaleureusement pour
son aide dans la recherche et la concrétisation de ce stage qui s’est révélé une opportunité idéale.

Le rapport principal, constitué de 33 pages, placé en premier dans la suite et intitulé Mathe-
matical results on Bose-FEinstein condensation for the Free Bose Gas, expose divers résultats
d’ordre mathématique sur un phénomene physique prédit par Albert Einstein en 1925, mathé-
matiquement défini par Oliver Penrose en 1956 et mis en évidence expérimentalement par Eric
Cornell et Carl Wieman en 1995 : il s’agit de la condensation de Bose-Einstein. Ce phénomene,
mieux détaillé dans la suite, consiste en la formation macroscopique, au sein d'un gaz de bo-
sons, d'un condensat formé d’un nombre significatif de particules dans le méme état quantique.
Certains résultats existaient déja sur la description mathématique de ce phénomene considéré
comme largement connu, mais ils n’avaient pas fait ’objet d’une uniformisation et d’une mise
en cohérence au sein d’'un méme article. Dans le présent document, on s’intéresse donc a expo-
ser de quels résultats on dispose au sujet de cette condensation en fonction du formalisme de
physique statistique et des conditions aux bords considérées, en utilisant parfois des preuves
adaptées, ou completement différentes de celles préexistantes, notamment par des résultats de
théorie spectrale sur les opérateurs.

Trois théoremes majeurs ressortent : le premier ne présente pas de condensation, mais
permet de poser les bases du type de convergence que 'on considére dans notre étude ma-
thématique, le second décrit la condensation de Bose—Einstein dans le cadre — plus simple
— du formalisme grand-canonique, et le troisieme utilise les précédents résultats et diverses
relations entre les formalismes canonique et grand-canonique pour décrire la condensation de
Bose—Einstein dans le cadre du formalisme canonique.

Le second rapport, constitué de 21 pages et intitulé Des bases de l’analyse fonctionnelle aux
algebres de Schatten, est un complément technique du premier : il s’agit essentiellement d’un
travail d’étude bibliographique et de rédaction. Il présente les bases de I'analyse fonctionnelle,
qui est I'outil majeur utilisé dans le rapport principal, et donne finalement un cadre précis a
I’étude des opérateurs principalement étudiés dans ledit rapport (les matrices de densité), a
travers I'introduction des algebres de Schatten (aussi appelées algebres des opérateurs a trace).
Ces résultats sont des préliminaires généralement bien connus.
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Introduction

Within the framework of statistical physics, the phenomenon known as Bose—FEinstein condensation
has been studied since its theoretical prediction by Albert Einstein in 1925, based on Satyendra
Nath Bose previous studies. The precise mathematical definition of this phenomenon is due to
Oliver Penrose and Lars Onsager in a 1956 article [1]. The study of this condensation of bosonic
particles has been then deepened — mostly between 1960 and 1980 by mathematicians like Mark
Kac and many others — until its experimental discovery in 1995 by Eric Cornell and Carl Wieman.

This phenomenon describes the formation of a macroscopic condensate composed of a significant
fraction of particles in the same quantum state, either for high densities or low temperatures. This
structure yields peculiar matter properties like superfluidity, condensate interferences or condensate
vortices.

Mathematically, this phenomenon is described by specific operators called density matrices,
linked to the physical idea of density. Penrose and Onsager define condensation as the asymptotic
emergence of an eigenvalue of the first density matrix growing significantly with the size of the
system.

However, though the study of this phenomenon is ancient and considered run-of-the-mill by the
scientific community, rigorous results on the behavior of the operators that describe the state of
the system in the quantum mechanics theory seem not to have been all clarified and unified in the
mathematical literature. Hence, in this document one deals with the description of Bose—Einstein
condensation through the asymptotic convergence of the sooner introduced specific operators called
density matrices, using mostly spectral theory results, and exhibiting the relations between the
canonical and grand canonical descriptions of the system.

The convergence results in this document are thus about both canonical and grand canonical
condensations, holding for a description based on a Laplacian with Dirichlet, Neumann and periodic
boundary conditions.

An additional document, written in French, contains a summary of well-known results in func-
tional analysis, some of which are useful in the body of the text. Specifically, one there discusses
the Schatten spaces which are useful to define density matrices.

Acknowledgements

This document was written during a 4-month internship at Université Paris-Dauphine (CERE-
MADE), under the supervision of Mathieu Lewin (CNRS). I am very grateful to him for his help,
his patience and his advices. I would also like to thank all the PhD students and post-docs of which
I shared the office and meals.
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In this document, one uses the quantum mechanical formalism, which describes the properties
of matter at a microscopic scale. For a given particle located in an open domain 2 C R?, one can
describe its state by a wave function ¢ € L%(€2, C), the absolute square of which corresponds to the
probability density of finding the particle at a given position. In what follows, one considers that
the particle is confined to a domain € (which could in principle be the whole space R?), so that the
wave function is normalized: [|¢]|2. = [ |[¢* = 1.

1 Density Matrices

So as to represent n identical particles, one may consider the normalized wave function ¢ € L2(Q")
such that [ (z1, ..., z,)|? may be the probability density of finding the i-th particle at z; € R? for
alll1<i<n

9l2sy = [ o1, i0) Pk, iy = 1

In this document, one will study bosons: v is symmetric. As n becomes very large, this function
defined on 2" becomes impossible to manipulate. Thus, one now defines the following operators:

Definition 1.1. The k-particle density matriz of 1 is the Hilbert—-Schmidt operator on L2(QF)
(see the preliminary document) whose kernel is

n _
fy(k)(xl, ey Tl YLy ooy Yi) = (k‘) /ank (L1, ooy Ty Tt 1y -y L) V(Y1 - Yky Thot 1y -y Ty ) ATfop1 ATy

For simplicity, one uses the same notation for the operator y*) € &2(IL?(QF)), which is
self-adjoint and compact, and its integral kernel v (21, ..., yz).

Remark. The factor (Z) stems from the symmetry of .

Proposition 1.1. /%) € &' and tr(y®) = (Z)

Proof. By Fubini’s theorem,

v L), (6.1%9) = (1) [, o) ([, & /W <m,a>w<y,a>dady)dx

) 2
()Ll

20,
which allows us to define the trace of v¥) in [0, 0o]. In particular, for (¢;);>1 an orthonormal basis,

(™) = Y (6,79y) —( )Z/ [ 6w, 0)ds|

n>1 7=1

) @ Jo 1) iy = (Z) Il = @ <o

do
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Remarks. 1. Alternative definition. For A € IC(L?(Q2)), one can define the operator A™ = Y7 | A,
(@)
over L?(Q") where A; = I ®..]® A ®I...® I corresponds to the operator that simply applies A

along the i-th coordinate. Thus, in a orthonormal basis (¢;);>; of L*(€2), one has

tro(y V) =n Y [ da [ [ 6,00, )iy, 0)A8; (y)dady = n(w, A,

i1

which allows us to provide an alternative definition of v € G(IL?(Q)) using the duality with
IC(IL2(£2)) (see the preliminary document) and the following linear form, continuous as a function

of Ae K :

n(t, Av) = (6, AgY = trg (z Ai|¢><w|) — tra(A9), 1)

=1

2. Extended definition. For an operator I' on L?(Q"), diagonalized in an orthonormal basis of
eigenvectors I' = 37,2 ny|1;) (1], one can extend the definition of vV for operators by linearity:

1 1
! = ni 2)

i1

Finally, both definitions coincide: 71(;) = 7|(¢1,§<¢\~

Definition 1.2. From the definition of the first density matrix, one may define the density
related to the state 1 at x € ) by

p(z) = vV (z, z) = n/ » |Y(z, 2, ..., 2, ) |Pdey, ..., Ty,
which satisfies [, p(z)dz = n: the density is effectively counting the number of particules.

For non-interacting bosons, let us consider the Hamiltonian

with certain conditions at the boundary of 2. In this document, one only considers three common
boundary conditions for the Laplacians (—A); used in the definition of the Hamiltonian: the periodic
boundary conditions for a hypercubic domain, the Dirichlet Laplacian defined on the quadratic form
domain H{ () (which is the closure of C° for the H'-norm), and the Neumann Laplacian with the
quadratic form domain H'(f2). The quadratic form is always the same, defined as

v € @O(-A), (b, HY) = [ |V
i=1

Let us consider particles distributed in an open set Q C R¢, and study the asymptotic behavior
of the system when () gets very large. Hence, let us denote by L2 the dilatation of €2 fixed, for
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L > 0 converging to infinity. The open set 2 will be chosen piecewise-C>* with a zero-measure
boundary, in the sense that

102+ B(0,¢)] — 0. (3)
e—0
A simple example, on which applies the periodic Laplacian, is Q = |—1/2,1/ Q[d, so that LS is

the hypercube of R, of which edge length and volume are L and V = L% centered at 0. Finally,
let us fix a temperature 1" and denote its inverse by

For a bounded domain €2, H is diagonalizable in an orthonormal basis OBf eigenvectors Vi €
e BAi

N*, Hyp; = A\pi. Then, T' = 37,50 ng 1) (] with tr(D) = Y01 n = Yis T = 1. One may
thus define as in (2) the density matrix :

7%1) = Z ni%(/;li)-
i>1
One has ¥, e < o0, so that I' € &', because one explicitely knows the eigenvalues of the
Hamiltonian H in the studied boundary conditions when €2 is a hypercube, which allows to control
the eigenvalues for a general bounded 2.
Reminder (can be read in the spectral theory course by Mathieu Lewin at Ecole polytech-
nique [7], as most of the spectral theory results): On Q = [—~L/2, L/2]¢, H has a compact resolvent,

so in particular it is diagonalizable in an orthonormal basis of eigenvalues (Z—z Z;l:l k:?)ke(N*) .

2 Bose—Einstein Condensation

Within the framework of statistical physics, one has different macroscopic representations of a

system of particles, which asymptotically coincide in the thermodynamic limit where the system

gets very large. The first of these representations is called the canonical ensemble. One chooses to

represent the system with its parameters n, V and T : the number of particles, the volume of the
n

system and the temperature, with p = { fixed. Then, the state of the system is represented by the
Gibbs operator

efﬂHn

where 7, = tr (e‘ﬂH") is a normalization factor called the partition function. If ();) are the

eigenvalues of (—A), one can represent all the possible configurations of occupation of the energy
levels by all the m € ¢*(N, N) such that ||m||s = 3, m; = n. Using the lighter notation |m| = 3=, m,,
one has

Zy= 3 e Prmii (5)

|m|=n

since the eigenvalues of M, are the Y, m;\;, |m| = n.
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The second representation is called the grand canonical ensemble. There, one chooses to rep-
resent the system with its parameters p, V and T : the chemical potential, the volume and the
temperature. As the number of particles is not fixed anymore, one hence must consider a the-
oretical construction called Fock space. Denoting H, ~ &;_; H the Hilbert space describing an
n-particle system, one defines

F = @ H,

n=0

the associated Fock space, on which one will consider the operator

IP“ = @ 7 (6)

n 14

where, denoting z = e®*,

Z, =trr (@ eﬁ“”e_ﬁH"> = Ztr (e‘B(H"_‘m)> = Zz”Zn.

NB: This is a sort of Laplace transform.
The Fock space is equipped with an exponential structure: if the core Hilbert space can be
written as H = @, E;, one has

Fu=Q F,. (7)
This especially allows one to show that the one-particle density of P, in (6) is explicitly given by

O 1
Py eﬁ(*A*N) — 1

These results may be found in the unpublished course by Jan Philip Solovej [8, section G.5].
Finally, one considers the density of the grand canonical state on L{2:

MNMr, 1 X,n2"Z, _U"(Vﬁ))
Lol L ¥, 22, L9

pr(p) =

2.1 Asymptotic behavior at fixed chemical potential

This first theorem is about the convergence of the one-particle density matrix in the grand canonical
case, with a fixed chemical potential i, as the domain gets very big until reaching the whole space R.
It is true for all three Laplacian boundary conditions one deals with in this document: periodic,
Dirichlet and Neumann, which determine the first density matrix on bounded open sets of the
form L2, L > 0 (see the discussion p. 5). As the chemical potential is fixed, one will not observe
any condensation yet.

Let us denote by ’y(LlL the density matrix ’yﬂ(mi) on the domain L2 with ) piecewise-C> with a
zero-measure boundary [see (3)]. In the case of periodic boundary conditions, €2 is a hypercube of
volume 1.
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Theorem 2.1. Let p < 0 be fized. Then,

L2
2 (Tpd (1) 1
Vo € L*(RY), 71, (xrop) L:Z e

while

() = tr(ﬁi) N 1 / dk

PR =00 1 orme (2m)3 ) B0 — 1
1 dk 1

_ Wy L

Hence, let us denote | p(p) @) / ] and vy, (1) peremey

Proof. In the case of Dirichlet and Neumann boundary conditions, this theorem follows from two
more general theorems (2.2 and 2.3) presented afterward.

In the case of periodic boundary conditions, the proof is an explicit computation. This com-
putation is presented here for Q =] — 1/2,1/2[? to begin getting familiar with both the periodic
boundary conditions and the explicit expression of ).

For ¢ € C2°(R?), one has

(1) 1

You¥ = ; W<%€k>€k,
ket zd
where
1 , o7\ %
(o) = — [ o(@ede = () p(k) for supp(y) € L.
Lz JLO L
Hence, almost for all z € R¢,
d/2
(1) _ (2m) 1 ik
’YLWSO(:U)_ 7d ; ‘FLB(A;L)_ﬁO (k)e™,
ke2rzd

and eventually, as the function of k is integrable for ;1 < 0 and by Riemann approximation,

1

(1) 1 1 ihs g7, _
M8 T i / d Lﬂ(—a—m - 1“0] (k)e™dk = LB(—A—m —1# @

By density and uniqueness of the limit, as all the operators are bounded uniformly in L, one
can extend the result for all ¢ € 1.2.
The second convergence is calculated in the same way, having

1
Muu=t() = Y Z@a—g O

1
2m
ke=Z 74
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As announced, these are the two general theorems that imply Theorem 2.1 for the Dirichlet
boundary condition. Their proofs are presented in the appendix (p. 24).

Theorem 2.2. Let Q be an open set of R?, piecewise-C® and with zero-measure bound-
ary [see (3)]. Let us denote by L) its dilatation by a factor L > 0. Let (—=A)q denote the
Dirichlet Laplacian over Q, and —/\ the Laplacian over RY.

Then, for f € C°(RT) such that f(x) — 0, one has the following convergence :

r—r+00
2 (Tod _ . HED _
Vuel*RY), f (( A)|LQ) (xzou) L—> f(=A)u.

Theorem 2.3. Using the same notations as in Theorem 2.2 previously stated, and denoting
(AF); the eigenvalues of the Dirichlet Laplacian (—A) Lo repeated according to their multiplic-
ity, one has the convergence, when the following integral is well-defined,

1

e (27)1

T 200 IR

This theorem is also true for the Neumann Laplacian, though the proof is more involved.

Remark. In the case u = 0, in the explicit proof of Theorem 2.1 one has found

1
<N >L,0 = %: W'
One can observe there is a diverging problem when A,;, = 0. However, omitting 0 as an eigenvalue,
one still has the wanted convergence to p. = p(0), which is explained in the following theorem.

Theorem 2.4. Denoting (\"); the eigenvalues of one of the three considered Laplacians (—A)|rq,
and omitting the zero one if any, one has the convergence

|LQ| Ai>0 eﬁ/\iL -1 5+ (277)d eBk: 1 Pc-
Proof. Let us denote 1 1
i) = == 3 —————
- L9 g;o BOE—) _ 1

For all L > 0, as pj (u) is increasing,

V<0, pp(p) < p(0).

By continuity and Theorem 2.1, p. < liminf;_, pj (0). Thus, it remains to show that lim sup;_, . p;(0) <
pe- When €2 is a hypercube, this convergence is simply a Riemann convergence, exactly as in the
explicit proof of Theorem 2.1.
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For the Dirichlet Laplacian,

pr(0) = tr (f(=Ara)) .

12y

In this case, one can prove and use the Li-Yau Lemma to prove the result. For a fixed L > 0,
as f o — W is convex on RY, and denoting ¢; the eigenfunctions of (—A)rq, one has by
Jensen’s inequality

truae (F(—A)ea) = X £(6n—200) = X7 ([ |k|2|¢€i<k>|2dk)

< [L S0 [ 1 00F | an
o | di(x)e* )
< k T dxl| | dk
W |2 ™ e ]
) etika ||? B ILQ)| )
< J SR | Gg| = (g [, FORE IR

One may propose another method that works for both Dirichlet and Neumann Laplacians, using

and a part which is not perturbed by the singularity of f, and to control the perturbation around
0. To that extent, let us consider x € C*(R,R™") that is equal to 1 on [—1/4,1/4] and to 0 on

R\] — 1/2,1/2[. For every 0 < ¢ < 1, let us denote y.: R? — R x — x (m) Let us control the
singularity around 0, denoted by

1
SE=—— 3" x(BANF(BA).
9] 2, (BX)F(BAY)
One has
gL _ 1 Xe(BAF) < 1 X=(BAEF) o Z 2k+1]j{2—(k+1) < BAF < 2—1@}‘

: ‘LQl Ai>0 e — 1 ‘LQ| Ai>0 5)‘{: h ’LQ|

2-(k+1)Le/2

On the one hand, by Theorem 2.3 and its proof, there exists a constant C' > 0 such that

ﬂ{Q-(k—&-l) < 5)\ZL < 2—k} . (2_2kd B 2—(}93—1)«1) '
‘LQ| L—+4o00

On the other hand, 2=*0+1) < £/2 is equivalent to kg > —(Ine)/In2. Thus, one can get
lim sup S% < c2ko(5-1) < Cet . (8)
L—oo
Eventually, one can decompose the density as

Ne(BARF(BAE) + o 37 (1= xo(BAD) F(BAE).

Vee€]0,1, VL>0, pi(0) =
t |LQ Ai>0
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As f(1 — x.) is continuous, one can apply Theorem 2.3 to get

1

T 2 SO0l [ xRSk

and one gets (8):

Ve €0, 1 limsup i (0) < C=2 4 [ (1= eIkl £k [) b

L—oo

The result is deduced by taking the limit € — 0 and using the dominated convergence theorem.

O

2.2 Condensation at fixed density: grand canonical case

This second main theorem is about the convergence of the grand canonical first density matrix, in
the same way as in the first theorem, though fixing the density p instead of the chemical potential.

Thus this time, one will observe an alternative based on the value of the density, compared
to a critical value p.() depending on the temperature: for high densities (or low temperatures),
this represents the Bose-Einstein condensation. As stated in the introduction, this phenomenon
corresponds exactly to the definition given by Penrose and Onsager [1]: denoting by 7,(:1) the first
density matrix defined on the open set L), one will effectively notice that the first eigenvalue of
78’ is asymptotically of order L¢.

Theorem 2.5. Bose—Einstein Condensation in the grand canonical formalism

Let p > 0 be fivred. For each L € RY, let us consider p;, < AL such that N1 = p. Then,

min |LQ|
denoting p. = p(0) = (2710(1 f eﬁff_l € R+, one has the following alternative:
I p<pe  thenps —> p <0 uniquely defined by p(k) = oy J Gt = P

Moreover, as in Theorem 2.1,

ILQ
1
Vo € LP(RY), g, Ouag) = hWe = rapm—e

L—o0
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If p> pey (d=3) then pup — 1 o0 0 with the behavior

1
T
L 1 Do BILQ(p — pe)

Moreover, denoting enin the state of lowest energy (non-degenerate by Perron—Frobenius the-
orem), one has

(6, (10, = 1L (p = po)lemim{eminl) (xza®))  — (6,7$2,(0)%)

L—+o00
for all ¢, € Q (eﬂTl_J the domain of the quadratic form associated to this operator.

Remarks. 1. One can see that in the case p > p., the convergence is weaker than in the previous
theorems. One shall see in the proof, in the case of periodic boundary conditions, the reasons
of this choice.

2. For a fixed L, pr(p) = </|\Qé|"‘ = trl(zg*‘“) = |TIQ| S m, is continuous as a function of p,
from (—o0, Amin) reaching R* , which allows one to choose iz, < AL, in the statement of the

theorem, by the intermediate value theorem.

3. The phenomenon described in this theorem is known as Bose-FEinstein condensation. Indeed,
for a small density, the particles constitute a translation invariant gas in all space, as described
in Theorem 2.1. However, when the particle density surpasses the critical density p., which
represents kind of a gas saturation, then all the surplus bosons (of which number is |LQ|-[p—
pe]) are condensing in the same single state, which is the one of lowest energy.

In the case of dimensions 1 or 2, p, is infinite, so that condensation never occurs. In dimension
3 or higher, p. is finite and one can observe a condensation at high densities.

Proof. For one of the three Laplacians studied here (Dirichet, Neumann or periodic), let us denote
its eigenvectors and eigenvalues by (—=A)|Lae; = Aie;, with A; > 0, A =00 +00, and \; = A =
/L2,

Case p < p.. As p(p) is increasing with pu, for all € > 0 small enough, there exists

pz < 0 such that p(u.) = p —e and p! < 0 such that p(ut) = p +e.
Hence, for all L > 0,

. 1 1 1
g Z o) —1 7T L) Z o —1 < A €d|Q| 2 oh 1
Thus, there exists L. > 0 such that for all L > L.,

1 1 1 1
L9 21: eBi—pz) — 1 < L3|Q| 21: efimnL) — 1 = L Zz: efi—n) — 1’
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Therefore for all L > L., one has u- < pz, < pd, which implies that pz, converges to u. For ¢ € L',
one has
1
L ML 9115 L ML L N7 gas
’Y 0 — k() ’Y Y= ’Y( )80 + ’Y 90 Yek(p)ep

The second term converges to 0 by Theorem 2.1, and the first term also converges to 0 since
UL — oo M < 0 and because the functions fi(z) = m are uniformly differentiable enough
with k. Indeed, on an interval [ — e, u + ¢] C R*,

/ 3 eBOk—2) Beﬁ(krws)
felx) = (eBOw—2) —1)2 S (eBOk—n—e) — 1)2

— 0,
A —+00

so that, by continuity in A\ > 0 and Taylor’s inequality,
AM>0: V(x,y) € [u—rce,pu+ 2, Vk, | frl@) — fuly)] < M|z —y|.

For L large enough so that py € [u— e, pu+ €], one has

2
W 0 1 _ 1 2 S
H’YL,MLQO rYL,,u()OH - \J; eBO—pr) — 1 eBOr—p) — 11 7 |<90761>| < Ml:u /1’L| ||¢||]L2 L:Zo 0.
]
Case p > p. (only for dimensions higher or equal to 3).
For all L > 0, one has
1 1 1 1 1
. 9
P= ’LQ| Z B(hi—pL) — 1 |LQ’ eBAmin—pr) — 1 ‘LQ’ zgn;m Bhi—pL) — 1 (9)
Denoting
0 _ 1 1
pr = pr (pr) = 12O z;' POF—ur) _ 1’ (10)

)

the key point of the proof is to show that p( — o0 Pe, Since then one will asymptotically have

1
eB(Amin 7HL)

~ |LQL(p— o).

-1 L—oo

One will see that the proof is different depending on whether the lowest eigenvalue A, is zero
or not. In the two cases, one will separately study the limits inferior and superior of p LO .

In the case A\, > 0, let us start by showing that yu;, — 0%. If limsup pz < 0, one has
L—+4o00

1
Pe <P =g Z o —1 S Ple) < p(0) = pe,
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(in the first inequality one has used the fact that pseudo-Riemann approximation of a radial convex
function is made by below, and in the second one the fact that p(u) is increasing) which leads to a

contradiction, so 0 < ur < AL —— 0. Now, for all L > 0, as p( )(,u) is increasing, one has

0 < 0 1 L?
pr” 2 pr (0) = pr(0 2 pr(0) — —Zraraa
- ( ) L< ) |LQ| ( min — 1) L( ) Ld|Q|5)‘m1n

therefore, by Theorem 2.4, liin inf p(LO) > pe.
—00

It remains to show that lim sup p(LO) < pe. Denoting

L—oo
(k) _ 1 1
pL (lu) |LQ| Dzk exB(AL*N) 1a
as fr, < Amin one has
1 1 1 1 L?
V' k > dmin, < < — 0. (11)

[260] 0] =1 S L] 0w ) =1 S LIQIFOF — Mh) 151

So the only eigenvalue that contributes to the density is the lowest, Ayin. This way, one has

) _ (k)

YV k > imin, limsup py’ = limsup py ' (1r).
L—oo

L—oo

To study p(Lk)(,u), let us introduce z = ¢ € (0, e#min). One can write

(k —BAi
P ]LQ|Zl—ze N

(>(

()
k)5 8’;2 (n) < dlz% so that for

and can easily check that p;
pr < po (e z1 < z9),

k k
) = o (na) _ P ()

21 — 29 = 2o(1 — zge=PM)

k
P

(12)
Therefore, for 1 < z;, (i.e. uy > 0) one has

P () = pi)(0) _  pulp)
zr, — 1 = ZL(l—ZLe_ﬁAk)’

which is equivalent to
zp(1 — zpe PAx)
1 —zp%2e P

Hence, one eventually gets
27— e P

272 — e~ B
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Using the fact that 1 < z;, < e®min and by some convexity inequalities, one can deduce that

_ =B \ BN/ L2
*) o 0 1—e < 0 Bk _ 0 e
pL (/“LL) X pL( )6725)\”’“;” _ €7ﬁ)‘k X pL( )675)%6()\]4; - 2)\min> pL( )1 . 2)\Q>\r§];1in .
k

Thus, one gets

Pe

A2 min ’
Ak

limsup pf) = limsup p{” (1) <

L—oo L—o00 1—2
which yields the result as the left side does not depend on k and as Ay — +o0.

One has shown that ,o(LO) —  pe, which means that

L—+oco

1 1
— p— pe.
12O BCuin—rin) —1 ;. P TF

In particular, this provides the equivalent

1
Hnr )\ﬁi?n - :
Lroo BILQ - (p = pe)

In the case A\, =0, implying pup < 0, Theorem 2.4 provides

1 1
(0) _ }
PL (O) - ‘LQ’ Z BAL Pe,

i>imin € ¢ = 1 LHJ’»OO

which implies that asymptotically, pgo) < pg))(O) < fL < pie

dn>0, Ly>0: (L>L0):>p—pf)>n.

Thus, since

1 1 B 0)
|LQ| 6_’8"% 1 =p—PL (> 0)7
one has, for L > Ly,
1 1 1 1
uL:—ln<—|—1>>—ln<+1>, (13)
B \ILOI(p - o)) g \nlLg

thus u, — 07. Now, using p(LO) < p(LO)(O), and Theorem 2.4, one obtains limsup; _, pf) < Pe-
L—+o00

As in the case A\yin > 0, one can use the convexity inequality (12) but for z;, < 1, which yields

0 0 0
P (0) = o (1s) _ P (0)
11—z Sl —ePN




2 BOSE-EINSTEIN CONDENSATION 15

that is,
1-— 2L

0) 5 0
pr = pr (0) )

Therefore, as inequality (13) implies that asymptotically 1 — z;, < one obtains

1
n\LQI = nLaQp
lim inf p\¥ > p..
1n 1m PL Z Pc

Let us now study the second part, that is the weak convergence of 72173%. As announced in
the first remark following the statement of the theorem, one can see in the case of the periodic
boundary conditions that for ¢, € L2(R%),

~

oot = () HDH0 | 2y 560

7ﬁ _ _
L) eBr —1 L ke%’zd\{o} L) —1°

Thus, to get the convergence of the second term to [ga ’[pgig

need additional conditions on v and ¢. Let us remind the domams of the considered operators and

of its quadratic form:
|6(k)|*
{gb e L*(RY) /Rd 7 dk < 0 p,

) dk by Riemann convergence, one will

?()-7(5)

() - 0(5) - {oerimy| [ B0 ar e .

First, one can see that in dimension d = 3 any function ¢ € D( A 1) verifies (¢, eq) =

and

qg(O) = 0, so this function ¢ would be orthogonal to the condensate: one thus needs to focus on a
smaller domain, for example the domain of the quadratic form. This implies that the interesting
convergences one can get are only convergences of the inner product, weaker, and not convergences
of the norm.

Hence, for ¢, € Q (em%l), by Riemann approximation of a finite integral and the squeeze
theorem, the wanted convergence and the case of periodic boundary conditions are proved.

In the case of Neumann boundary conditions, on L), let us consider the restriction of the
Neumann Laplacian to the orthogonal space Vect(eyin)*, denoted (—A); and allowing to define

(—A),? on the domain of the quadratic form. Thus, for ¢, € Q (eﬁA%l) ,

(90 = (OrComblenins ) (kg Ay, (-a)TEe)

eﬁﬂL —1

_1
In fact, when one writes (—A) | 24 for ¢ defined on R? in the previous equation, it means that one
1

considers the Laplacian applied to the restriction of ¢ to L: (—A), 2
continuous on R*, one can apply Theorem 2.2 to get the convergence of the second term to

((=A)726, (= ANLO0)(=A)2¢) = (¢,{A(0)¢) ,

T
er—1
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assuming that (—A)I%XLmﬂ — oo (—A)_%@/J. First of all, the Laplacian over R? is orthogonal
to emin that is constant, thus not in L2(RY).

Then, this convergence is deduced using the Green function of the considered Laplacian, i.e. its
kernel, the function G, (see for example the article by Lieb-Simon [9]) such that

Vo e Q <65A1—1) : (—A[%chb = /LQ Gr(z,y)o(y)dy.

Explicitly, for (¢;) an orthonormal basis of eigenvectors of (—A)¢, for all L > 0,

Coloy) = L o (%) 9 (1) _ g, (ﬂf y)

~ e LA L'L

Then, the behavior of G (x,y) asymptotically is linked to the behavior of Gg(z,y) around 0. This
kind of approximation exists in the literature and may be, for example, found tardily in the article
by Chen-Kim-Song [10], coming after Widman [11], for instance: for L — oo, around any interior

point,
Ty L1
o (28] ’
2\L'L |z — yld-t (14)

Thus, G (z,y) behaves asymptotically as W which is exactly the Green function of (—A)_%
over the whole space, which is enough to deduce the wanted convergence and conclude the proof.

To briefly explain equation (14), one may propose a very simple proof in the case of the Laplacian,
inspired by the 6 section of Lieb-Simon article [9], using only the definition of G:

1

(A (G@:,y) -

so that the difference is harmonic and so C*°, which proves the result.
In the case of the Dirichlet Laplacian, the proof is similar, and even simpler since all the Laplacian
eigenvalues are already positive. This concludes the proof of Theorem 2.5. O

To conclude this first part about the grand canonical formalism, one has exhibited the critical
density

1 / d¢
Pe= (amyd | &P 1

which represents the Bose gas saturation, above which occurs the condensation of all surplus par-
ticles, in the state of lowest energy. The considerate operators converges strongly when no conden-
sation occurs, and weakly otherwise to

1
75]25(0) T A _

which describes the saturated gas when condensation occurs.
In the following part, one studies what happens in the canonical formalism.
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2.3 Condensation at fixed density: canonical case

Our third main theorem is the canonical equivalent of the second one. Its proof uses the grand
canonical theorem to a large degree. Now the first density matrix has no closed form anymore, which
makes it harder to study, but thankfully there exist some relations between both representations,
which allow one to prove the following theorem.

Theorem 2.6. Bose—Einstein Condensation in the canonical formalism

Let p > 0 be fixed. For each L € RT, let us denote N, = p x |LS| when it is a integer. Let
721,3\& denote the density matrix 71(1171) on the domain LY with ) piecewise-C* with a zero-measure
boundary [see (3)]. In the case of perz’odic boundary conditions, () is a hypercube of volume 1.

Then, denoting p. = p(0) = Gz | 2 ﬂ - € [0,00], one has the following alternative:

If < pe, then for ¢, ¢ € L'(R?),

1
(@, WL NL(XLQ¢)> — (9, 75;2(#)#’) = (¢, B 1

L—oo —1

¥),

where p < 0 is uniquely defined by p(pn) = p.

If 5> p., denoting ey, the state of lowest energy, one has

(8, (v, — 1LQ - (B — pe)leminy{emnl ) (xzaw)) —> (&, 75(0)9)

L—+4o00
for all ¢,¢ € L' NLA(RY).

Remark. One can see that in the case p > p, this theorem is very similar to the previous Theorem 2.5
about the grand canonical case. However, the tools used in the following proof provide a weaker
convergence than in Theorem 2.5 for both cases p < p. and p > p..

Proof. As this theorem is very similar to the precedent one concerning the grand canonical case,
one will start by relating both representations. First of all, the canonical average occupation number
of the i-th state (e;,7Ve;), denoted (n;)5, is locally bounded for i > 0 since it may be controlled
by its value in the grand canonical ensemble, which is explicit and has been studied before (see
th. 2.5 and its proof). Indeed, one has the following result that can be found in a recent article by

Deuchert, Seiringer and Yngvason [12].

Lemma 2.1. At a given p > 0, for a fized pi < 0 such that N, = Y=o N(Px)57 € N, one has
<nl>]v L 25<ni>i,c[;

Proof. First of all, let us state a preliminary lemma, containing two common results that may

be found for example in an article written by Lewis, Zagrebnov and Pulé [13] in 1988 for the first

one, and in a recent article of Andrés Siito [14] for the second one. Its proof is presented in the
appendix (p. 26).
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Lemma 2.2. The map N — Zy is log-concave, i.e. VN > 1, Zn1Zn_1 < Z%. Moreover, for all
non-decreasing map f : N+ RY and for all i € N, the map N — (f(n;))% is non-decreasing.

By the monotonicity of (n;)%, omitting the subscript x4 in the notation N, one has

(a7 = D APN)RE ) = ()5, D (Ph)n
N>0 N>N

Now, one has to study the distribution <PN>;%,CL')N inducing a probability measure P such that

P(N 2 N)= > (Pv)ii-

N>N

It is proved in [12, Lemma A.1] that one has the following relation between the moments of N:

> (PN =N)' <10 (Z (Pn)ur(N — N)2> :

N>0 N>0
B E[X] =0
Hence, let us introduce the random variable X = —2~=Y__ verifying { E[X?] =1
E[(N-N)?] E[X4] < 10

Denoting by Px the probability induced by X on R, and for any real function f(z) = az + bx?® —
dx* such that f < yg+ on R, one has

ST (Py)0S =P(N > N) =P(X >0) = / et (5)dPx (5) > / f(s)dBx(s) = b—E [X"] d.
N>N R R
When one optimizes explicitly the value of (a,b,d) € R® under the constraint f < yg+ to get an
optimal bound on P(N > N), one gets according to [12]

2\/5—3>2\/§—32 1

Py)os > > .
2 (Pt E[X4] 10 25

0533 1.033 0.575
VExY]) EX BXAP2

For example, one may verify that (a,b,d) = ( > verifies the constraint and b —

4 1.8 1 1.8 1
E[X"d > 4 E[X4] Z % 2 55

O

Then, to prove the theorem, one quickly outlines two different proofs and details a bit more the
second one.

Idea of a proof using the Kac density.
The first proof consists in relating further the canonical ensemble to the grand canonical ensem-
ble, thanks to a relation due to Kac (15). For any N € N, one can define

PNI.F:®Hn—>HN

n=0
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the projector of the grand canonical ensemble to the canonical ensemble containing N particles.
Then, for any observable A, one has the following relation between the means in the grand canonical

and canonical ensembles:
(AT =D (P)TT(AY o v, L
n=0

Hence, denoting for all p € R™

K(p) = (P55 x 0 (o= 1)

n=0

where § is the Dirac distribution at 0, and continuing linearly (A)¢; for pVz ¢ N, one can write

(A5 = [ KLe)A. (15)
The density p — K7 (p) is called the Kac density at L.

For a function ¢ € L? under certain conditions, one can consider the Weyl observable A =
W(¢p) = exp (z’(aT((b) + a(@) Cannon has shown in 1972 [15] that its average value in the canonical
ensemble (W (¢))5 behaves asymptotically like the one in the grand canonical ensemble (W (¢))7“.
To prove this point, the first result is the following, due to Mark Kac, and whose proof is in the

appendix (p. 28).

Lemma 2.3. . As L — oo, the Kac density Fourier transform [A(E(f) converges uniformly in &

s iIp< pe )
on bounded sets to KP(§) = iépe . Hence, Kf(p) converges towards
7 — : otherwise
(2m)2 (1 = (p = pe)ic)
N ep— Xp=pe P — Pe .
dp—"p) if p < p. and towards == exp | — otherwise.

P = Pe P = Pe
Then, to be able to conclude about the convergence of the integral (15), the foremost point is to

prove that the linear continuation of (A)$; converges towards a regular enough function. As one
studies A = W (¢) the Weyl observable, (A)5; = (W(¢)){ y, is continued for A € [0,1] as

W(ONTN v, = X =NW ()N, + WO N, 41

To show that the limit is continuous, one must show that V7, [<W(¢>>%,NL+1 - (W(¢>)>%7NJ is

bounded, that is to say, locally in p, that N {(W(¢)>%7NL+1 - <W(¢))%7NL} is bounded. In other
words, one must show that

W)~ V(O] < o (16)

which is proved in [15]. Then, denoting ®1(p) = (W (¢)) 1, and for any h € C*(R*),

3C'>0: VN € N*,

[ K70~ KP(pDhes(p)dg| = | [[(RE(©) ~ K7(6)h®1(€)d)

R . g — —
< [LIBE0 — RP 0| IRu(©)lde +2 [ 7).




2 BOSE-EINSTEIN CONDENSATION 20

The first term may be dominated by the Cauchy-Schwarz inequality:

o _ 1+8) % Cdg =
/|E>R Ih®L(E)|dE = /|§|>R (1+¢) 11 (O]t < \//|§>R (1162 \//R(l +&)? AL (€)[2dE.

Thus, it is arbitrary small for R large enough since the second factor is bounded in L by (16).
Then, since ®, is unitary, the first term is arbitrary small for L large enough, which proves the
convergence of the integral, and eventually proves that (W (¢))$ behaves like (W (¢))7“ [15].
Once Cannon'’s result has been proved, one may study G(t) = <e“(“T(¢)+“(¢)) > = tr {e”(“T(‘ﬁH“(W)F} ,
of which one can control the derivatives

B.G(0)] = Jitr [T (] (6) + a(@)T]|
— ‘tr {eit(a*(¢)+a($))(a (¢ )+ @))\/f\/_”
< (Ja' VT, + [e@VT].)
<2\/tr(aT(¢)Fa Hf (=

o )|V

&2’

and similarly at higher orders, thanks to the relation
tr (a'(¢)Ta’()) = tr (a(¢)Ta(d)) =0,

because for any v € H,,, (¥, a’(¢)l'al(¢)y) = 0 since the right function belongs to H,4o.

Finally, G(t) is regular enough for its derivatives in 0 to provide information on (¢, 7M¢) in
the canonical ensemble compared to its grand canonical version, thanks to the convergence of G(t)
proved by Cannon within both representations. This allows to prove the theorem for ¢ = 1, from
what one can deduce the general case by polarization.

Detailed proof using eigenvalues alteration.

For the second proof, which will be more detailed in this document than the first one (but only
in the simpler case of periodic boundary conditions), let us consider the canonical free energy with
an altered i-th energy level (i > 0) with a coefficient ¢ > 0:

FY (1) = —log Zy(t) = —log ( > nie_BZ”f(Af””t)) :
[n|=N
Remark: the true form of Fy is —% log Zx, but as this does not change most of the results, one will
omit the factor 1+ most of the time. Then, its derivatives are

B

Z|n|:N nie‘f’ > ni(Nj+oist)

atF][\lf](t) - 2in|=N e B2 ni(Xj+dist) = (ma)n (t),
and
) B 2 7,32nj()\j+5ijt) . . 7,6’Z?’Lj()\j+5¢jt) 2
oprfl(y = S (Z”ZN”’G e ) = (50— ()50
\n|:N VARSI |TL‘:N 7%
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% is increasing and positive, the map N — (n?)§(t) is

According to Lemma 2.2, as n — n ;

non-decreasing, which shows with the same proof as for Lemma 2.1 (p. 17) that

(n?)% () < 25(n) 1" (1),

so that both two first derivatives of F: ][\Z}] (t) are bounded in N for ¢ around 0, since the grand canonical
case is already known. This remains true for the canonical free energy with all its energy levels
altered by a coefficient ¢ > 0 and a certain bounded function A : R™ — R*, 0 — 0:

FN( t) = —log Zn(t) = —log Z (Z njg()\j)> o~ B2 nilNHAN)]
J

In|=N

In the case of periodic boundary conditions, as the eigenvalues are in the form |k|?, k € RY, one
will rather choose A : R — R* and consider the altered eigenvalues |k|> +tA(k).

Henceforth, let us state certain results about the free energy in the grand canonical and the
canonical ensembles, with altered eigenvalues. For a fixed u < 0, still denoting (\g)x the eigenvalues
of the considered Laplacian, the explicit free energy in the grand canonical ensemble is given by

ng — Z log(1 — e*ﬁ(kﬁu)).
k

By Theorem 2.3, one already has the following convergence, defining the free energy per unit
volume f7:

|LQ| L—>+oo

e )k = f (17)

which remains true considering altered energy levels:

[g.c.
FmL

t
o o

B(|k|>+tA(k) ) fgc( )

Then, the following very powerful lemma yields a clear relation between the canonical and the
grand canonical volumetric free energies. In the case A = 0, this result is well-known and may be
partially found for instance in Ruelle’s book [16]. A simplified proof of the general case, very similar
to the case A = 0, is presented in the appendix (p.29).

Lemma 2.4. For A € C*(R% R) bounded with bounded derivatives, and equal to 0 in a neighbour-
hood of 0, for t > 0 small enough one has

30 ;
—=—= — supyfIe(t)+upp =
o] o up{fu (t) + o}

< (t) if P> pe
g +up i P <pe

where i is such that p(uz) = p.


Line
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Hence, in the case 7 > p, as the two first derivatives of t — F N, ..(t) are bounded in N for ¢
around 0, one has by the Ascoli theorem that

8tF§L7L(O) 1 / A(kj)ef/g’(|k|2+0><A(k))

LT o (20) (1_6—5<|k|2+0xA<k)>)dk'

Thus, for any A € C*(R% R) bounded with bounded derivatives, and equal to 0 around 0,

JOFRaO) 1 AR (18)

Ld ZA nk NL L — Id s imo (27T)d eBIFE 1

Hence, one can estimate the following difference:

1 dk 1
STa A(k
Id gs%) nk) NL L™ (2m)d / BIRE _ 1| STd ;;) k) NL L Z ) (ng) NL L
. 1 A(R)dk
+ ’Ld %:A(k?)<nk>NL,L - (27T)d / BRI _ 1’
1 A(k)dk dk
i (2m) |) eBRP —1 / BIRE _ 1|

By (18), the second term is converging to 0. Then, considering for any € > 0, A. € C*(R%, [0, 1])
equal to 0 on B./; and to 1 on B¢, one can write the first term as

L 1
ﬁznk Ni.L ZA nk NLL gﬁ Z <nk>NLL
k70 0<|k|<e
25 .
N 1d Z (). r
0<|k|<e
25 1
g Td Z “Ble2 1
Lt S e =1
with
-z -, = _dk
Ld 0<%c|:<6 Bk . (27T)d Ik|<e oBIRE _ |

Similarly, the last term converges to 0 as € converges to 0, which proves the convergence

1 () . 1 / dk
Le k#0 "IN Lostoo (2m)0) PR —1 e
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one has

<n0>§\}L,L (P 74 Z ;) NL L)

k0

where, according to what precedes,

Ld Z nk NL L pC'
k+#0 L—+oc0

Then, it remains to show that

<¢>, <Z<ni>?vL,L|ei><eil> w> — (0, 75us (0)1)).

i>0 L—+00

In the periodic case, for ¢, 1) € IL.? such that éx@ € C*(R% R) is bounded with bounded derivatives,
and equal to 0 around 0, by (18) one has

O
Ld ]§)¢ nk NLL Ljoo (27T)d €’B|k|2 — 1 <(b rygas( )1/}>

As the first eigenvalue is not counted and as the support of (/5 X z/; may be chosen as close to
zero as wanted, this is enough to end the proof for the case p > p.. The case p < p. is similar and
even simpler.

O

Conclusion

As announced, the three main theorems contained in this document are about the convergence of
the first density matrix. The last two ones (Theorems 2.5 and 2.6) correspond to the phenomenon
of Bose—Einstein condensation, respectively in the grand canonical case (which is explicit — and
so easier to study) and in the canonical case (which uses the results about the grand canonical
ensemble and various relations between those two representations mostly thanks to the Kac den-
sity, to the Deuchert-Seiringer-Yngvason domination (Lemma 2.1) and to the relation between the
two asymptotic volumetric free energies (Lemma 2.4)). These theorems correspond to Penrose’s
definition of Bose—Einstein condensation.

This phenomenon, which is asymptotically the same for both representations, may be seen as
a saturation: as the density reaches a critical value p. (depending on the temperature), the gas
distribution stop changing and all the surplus particles condensate in the same state, which is the
one of lowest energy. This condensate provides multiple peculiar macroscopic matter properties, as
exposed in the introduction.
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3 Appendix

The first two theorems proved in this appendix are using spectral theory results that may be found
in Mathieu Lewin’s course at Ecole polytechnique [7].

Theorem. (2.2) Let Q be an open set of RY, piecewise-C> and with zero-measure boundary [see (3)].
Let us denote by LS its dilatation by a factor L > 0. Let us denote (—A)q the Dirichlet Laplacian
over Q, and —/A\ the Laplacian over RY.

Then, for f € C°(RT) such that f(x) —4 00 0, one has the following convergence :

L2(RY)
YV u e L*(RY), f ((—A)|LQ) “(xzau) —  f(=A)u.

L—oo

Proof. According to the functional calculus theorem for operators [7], it is enough to prove the
result for the functions f : x +— é, pour z € C\ R.
For all L > 0, let us denote v, = W(X ou). Extending vy, by zero, one can consider it as

an L2(RY) function. By the properties of functional calculus, one then has

N S
(=A)jo — 2

1

. <

[IAIERS [l

By construction,
v € D((-A)e) = {v e HYLY) |3gel?s Vo e M), [ Vevo= [ g},
L L
where g = (—A)|zov with this same notations, so that, using the following relation

((—A)\LQ - Z) VL = XLOU, (19)

and taking ¢ = vy, in the definition of g = (—A)|LquL, one gets

/ |V’UL|2—Z/ |’UL|2:/ UL
LY LY Lo

This proves that (vy) is bounded in H}(LS), so in Hi(R?) also (extending by 0 outside of L£2). Up
to extract a subsequence, one gets the weak convergence vy, — v in H}(R?).
Let now ¢ € C°(R%), and let L be large enough to have supp(¢) C L. By (19), one has

| o=z = ou

Taking the limit L — oo, one obtains (—A — z)v = u in D/, so that Av € L? and v € H? = D(-A).
As v = (—A — 2)7 1w is the only allowed limit point of the sequence, the desired result is proved for
the weak convergence.

To show the strong convergence, as it is locally true by Rellich-Kondrashov [7] theorem, it is
enough to show that vy has no weight far enough from 0.
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To that extent, let us consider n € C*(R?) that is 0 on By and 1 on R?\ By. Let us denote
np: R =R,z (%) . Hence, by the previous results applied to nrvy,

[ nevie = [ Vgvn)Vos = [ nelos® = [ VoweVos + [ nel V@D - = [ nalof.

Taking the imaginary part of the equation, one gets:

%/nRﬁu = %/V(UR)WVUL +0—S(2) /77R|UL|27

and one can conclude with the following inequality since (v;) is bounded in H} :

1 1Vle |/ 7LV VL
o < g 152 |

B] R + lleHLz.unRuHU] .

R—+o00

O

Theorem. (2.3) Using the same notations as in the previous Theorem 2.2, and denoting (A\F); the
Dirichlet Laplacian (—A)|Lo eigenvalues, one has the convergence

T 20D

L—+o0

Proof. The idea of this proof is to approximate f by indicator functions of the form x)_o g|.
Denoting N(E,Q) the number of Dirichlet Laplacian eigenvalues on €2 that are strictly inferior to
E, counted with their multiplicity, it is thus equivalent to show that for every energyE > 0 one has

1 1
— _N(E,LQ) —s
o VY T G

d
dE2|Bl|,

which, denoting B/ = FL?, is equivalent to

N(E/’Q) |Bl‘
——a
E'2 E'—+oc0 (2 )

al -

Let us consider a tiling of the space by cubes of side ¢ > 0 denoting, for k € Z,
d
Cp = H [ekj, e(k; + 1)].

Denoting V' C Hj () the vector space generated by all the Dirichlet Laplacian eigenvectors on
the cubes that are strictly included within 2 and of which associated eigenvalue is strictly inferior
to F, as the Laplacien is translation-invariant and as the eigenvectors stemming from two different
cubes are orthogonal, one may bound the quadratic form of (=A)q :

Yo eV, qo(v) < E/Q .
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By the Courant-Fischer theorem, this means that the dim(V')—th eigenvalue of the Dirichlet
Laplacian (—A)iq on § (counted with their multiplicity) is strictly less than E, so that :

N(E,Q) > dim(V) = N(E,C;) x t{k € Z* | C; C Q}.
As the cubes that intersect  without being included in it are at most at a distance ev/d (length of
the cubes diagonal) of €2, one has the bound

elt{k e 7% | Cr CQ} > Q] = [0Q + B, 4.

Hence, on each cube, one explicitly knows the eigenvalues of the Laplacian. The Weyl approxi-
mation [7, asymptotique de Weyl, th. 5.50] asserts that

€ Bi| 4 4 d -1t
N(E,C5) > (%)dEze ~c0 (BT ),
so that the two last equations yield

N(E,Q) > (’257}>|dE3 (19 =109+ B.4) + O (7' EF).

Taking the limit, one obtains

N(E Q
lim inf ( y ) > By
E—o0 E2 (271’)

|
719

To get an upper bound, one will now use the Neumann boundary conditions, which also verifies
the Weyl approximation. As previously, let us denote by W C H'(Q) the vector space generated

by all the Neumann Laplacian eigenvectors on the cubes that intersect €2 and of which associated
eigenvalue is strictly inferior to E, so that Weyl approximation yields the bound

dim(W) = Nyeu(E,Cy) x #{k € Z* | C N Q # 0}
|Bi| 4 .
< it (121 +102 +B.40) + O (' ET)

Hence, for all v € W+ N HE(Q), by the spectral theorem

Vo= [ VB[ pP=E [ P
JIVoE =2 [ IV X E [ = [ o

Since W = (WA NHL(2))* and by the second Courant—Fischer formula, the dim(WW)—th eigenvalue
of the Dirichlet Laplacian is superior or equal to E, so that

N(E,Q) < dim(W).

U
Lemma. (2.2)

The map N w Zy is log-concave, i.e. YN > 1, Zy1Zn_1 < Z%. Moreover, for all non-
decreasing map f : N+— Rt and for all i € N, the map N — (f(n;))% is non-decreasing.
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Remark. This result remains true for any sequence of eigenvalues ()\;) such that 3, e < oo.

Proof. Let us prove the first result by induction on the number of available energy levels Ay, ..., \x
when one writes (see (5, p. b))

In = Z o BN

|n|=N

The case k = 0 is trivial. Let us suppose that the result is true for k£ € N:
k k k)2
VN > 17 Z](V)—lz](\f—)&-l < Z](V) ’ (20)

where Z](\lf) corresponds to Zy with all \;-states supposed unoccupied for ¢ > k. Multiplying the
inequalities (20) for N and N + 1, one gets

2

YN =1, 20,20 2078 < 20770 7

Iterating, one gets
vi<nN<M, zP, 28 <2070 (21)

Then, denoting z = e #*+1_ one has

so that

and

N N
Z](\][H-l) Z(k‘f'l ](\1;1‘11 _ Z Z Z2N—m—nZ7(rch)Zr(Lk) + Z ZN—nZI(\If)ZT(Lk)

m=0 n=0 n=0
N N-1 N-1
Z Z S2N—m— nZ k)Z(k) Z SN-1- mZ](V—)HZ(k)
n=0 m=0 m=0
N 5 % (21)
= N2+ 3 (A - 22 3 o

O

Let us now use this result to prove the second one in the case f = idy, which works in the same
way. Denoting Z ][\Z,] = Y |n|=N; ni=0 e P 2jpm ’\j, which corresponds to removing the i-th energy level.
It also verifies (21) and the relation

—BkX;
Ze g Z]\zf] k>
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one has
1 = i 1 & i
() Np1 — (ni)v = Z nefﬁn/\iZJ\Z/H—n - Z nefﬁn)\izj\l/—n
ZN+1 n=1 ZN
1 N Bk il 0N k il
= [Z Z nePktmdi Z1 Ntl-nZn_p — Z Zne lktn)i 7 NonZNi1— k]
NEN+1 =0 n=1 k=0 n=1
N N
__ 1 S e Pt (2 0zl 2 )
ZNZN+1 e N+1-n“N-—-k N+1—-k

(k=0) T Zne o (ZJ[\ZT]H nZM ZJ[\ZanZJ[\Zf}H)

n=1

N .
(h=N11) + Z ne—B(N+1+n)A¢Z][\Z[}_m

(n=N+1) Z N+ 1) PN+HHRN 7l 1
k=0

The second term is non-negative by log-concavity (21). The sum of the two last ones is
(N + 1)675(N+1)/\¢Z][\1f] 4 Z(N +1— j)efﬁ(NJrlJrJ))\iZ][\Zf}_j >0,
j=1

and the first term may be written differently using the symmetry of the square (k,n) € [1,n]?:

S Wt (202 - 2 ) 2

1<k<n<N

since now the smallest subscript is N — n for all the terms of the sum, and by the inequality (21).

U
Lemma. (2.3) As L — oo, the Kac density Fourier transform K?(€) converges uniformly in & on
(2625;% ifp<p
bounded sets to KP(£) = cipe .
otherwise

(2m)% (1 — (7 — pe)i€)
Proof. One has

iné iNE trr <€_i‘]/VL§ eﬁ(H"“LN)>
kﬁ _ Pn g.c. 7V . v c.
1O = Sgie = (0 = —

)

Let us denote the eigenvalues and eigenvectors of H (one of the three studied Laplacians) by
Huy, = Mgr. Then, let us observe that

() = (3) G- m

i=1 i=1
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Thus, using the exponential structure of F(H) = F (B Vect ) = Q. F (Vect ¢,), (p. 6, 7) one
gets

trr (e—ﬁ(H—uN)) = T trrvect v (e—B(H—uN))

k
— H Z e Pnk—w)

k n>=0
o . 1 — e BAk—n)"

_iN¢g _ _ -5 -1
Similarly, trz (e VL e‘ﬂ(H_“N)> = I, (1 — e PemF VL) , so that eventually

5 1 — e~ BPr—pL)
KL(S) - H

El—e

—5(>\k—uL)+iV§7

1 — ¢ BAmin—pL) 1 — e Bw—pL) )

= —exp | — In -
1 o e_B(Amin_ML)JFZ% ( k%in 1 _ e_ﬁ()‘k_uL)—"_l\/&iL

One may now use the results about the grand canonical ensemble (Theorem 2.5). Let us study the
inverse of the first factor:

*5()\min*:uL)+ii —ﬁ()\ in— ) li _E(A in— )
1 _ V, min —HL Vi 1 min —HL 1

1 — e_B(Amin_,U‘L) - 1 o 1 — e_ﬂ(Amin_l-LL) - 1 o VL<]- — e_B(Amin_,U»L)) VL

which converges to 1 if 5 < p. and to 1 —i&(p — p.) otherwise, by Theorem 2.5 and its proof.
Then, by the same argument and a Taylor expansion of the logarithm about 1, Theorem 2.5
and its proof assert that the second factor converges to exp (i€p.) as L goes to infinity.

O

Lemma. (2.4) For A € C®(R% R) bounded with bounded derivatives, and equal to 0 in a neigh-
bourhood of 0, considering that the eigenvalues are altered by A in the way A\, — A\, + tA(k) for
small values of t, one has

Fy, ()
—L=C —5 su 9C(t) 4+ =
ol oo S {£0(t) + up}

5 () if P> pe
Ao +pp i p<pe’

where g is such that p(uz) = p.

Proof. One will prove this result for specific simpler conditions within 3 steps.

a) The canonical case converges uniformly in p—compact sets towards a certain convex function:

FIC/;NLJ) s fc.
| LQ | L—+00 p
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This result is well known when the eigenvalues are not altered (A = 0). In the case of a
general function A verifying the hypotheses, one will prove it only in the case of periodic boundary
ditions, for th 1 Ni = No(2lY N
conditions, for the particular sequences 1 L 7eN.
1= (5)) - ()2
p p

Denoting w(k) = |k|? + tA(k), one has

Z(L,N) = 3 e f2umen®),

[n|=N

where the eigenvalues stem from the lattice k& € %Zd. Thus, one may consider the 2¢ sub-lattices

corresponding to a size L/2: denoting Ry, = 2T”{O, 1}¢ a set of representatives of the 2¢ sub-lattices,

4 4
ke |mo+ Tl = | W+ T2t
L k'eR L
L

Among all the configurations |n| = N, one may consider only the ones such that on every sub-lattice

K + %Zd, one has |n/| = % As these sub-systems are independent, one has
— nw L N
Zu(L,N) 2 Y e e = T Zy <2’ 2> ’

[n|=N; |n/|=N/24 k'eRy

where the function w(k) = |k|? + tA(k) has been translated by &’
Similarly, one could have chosen —Dj, as set of representatives and got the same result, so that

1 1
L N\12 L N\12
L) (2’ zdﬂ [Zw<--k'> (2’ zdﬂ '

By Hoélder inequality (which corresponds here to a log-convex inequality),

1 1
L N\12 L N\12 L N
Zuswr (5ou)]| [Zor (530)] > Zasirgecn (5. 30)-

Then, thanks to the Taylor’s theorem for A € C*°(R? R) with bounded derivatives,

(k+ k) + w(k — k) Ak +K) + Ak — K
2 2
< k2 + tA(k) + |K* + 2O (|K']?)

Z,(L,N) = ]

k'eRy,

A7 w
ke —7°
VEL,

= k> + |k >+t

d4n? 1
<w(k) + 55 +10 (LQ)

one eventually gets the lower bound, for ¢ bounded,
24 2¢
—BﬂO(L_2) L N
Zo(LN) 2 (75O) 20 (5 5)
i.e. for all i € N,

i+194Ve iy 4Ve NZ FLZ’NZ 1
F<LL+1 New) (L N)+o< +1>: ( >+O< )
i+1
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Hence, as the left side of the last inequality is bounded from below (for example by the inequal-
ity (23), p. 32) and the fact that Y, # < 00,

F(Ly, N;)
— 74 converges.

b) The grand canonical case converges towards the Legendre transform of the canonical case on
the one hand, and converges explicitly on the other hand:

Fi
= — inf < f¢ — )
L9 o B {f,, up}

This result is presented in the Lewis-Pulé-Zagrebnov article [13] as a consequence of Varadhan’s
Large Deviation Principle. The proof presented below is adapted from the one in the classical case
written by Ruelle [16].

First of all,

1 _ —logdnzo M T _ —logd o ePlun=Fr.a] <—u N, . Fr.n,
|LQ)| BILA| BILA| SorLel el
so that for all p € R,
g.c.
lim sup —~ < ¢ — pp.
msup o) fo—np

As the convergence at step (a) is uniform in compact sets, for € > 0 and any constant C' > 0,

F
3Ly >0: VL > Ly, ¥p € [0,C], LpL?

&
> e 2
T

Hence, for L > Loy, n € [0,C x L9,

€
> C‘n _
FL,n = |LQ| (fm 6) )
so that
Blun—Frn] d no_ ¢ < [ (_' ¢ _ )]
e < exp lﬁL (/L|LQ| j'"m —i—a) < exp |B|LQ| Hgf{fp up} +e)|.
Thus,
Lo ocnc T _BOUOL (e ppbee) — (- pe). @)
BILA Z 7B p Up THP Lo o Up THPS
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For the reverse inequality, one has to find a constant C' such that —m log >=,>ciLa) ePlun=Fr,n]
goes to 0 as L goes to infinity. To that purpose, let us observe that for any v < 0,

Fp,=-TlogZ} ,

— —Tlog ( Z e & Mk (At A(k)— 1/+1/))

[m|=n

= uvn — TlOg ( Z e~ o Mk (Mgt A(k)— 1/))

[m|=n

> vn —Tlog (Z ePvn Z e—ﬁZk mk(Ak-i-tA(k)))

>wvn+ FYy (23)

According to the convergence of Fy, ,, (see (17), p. 21), Fp, is asymptotically equivalent to f9-<|LS|,
so that when n > C|L{|, there exists a constant K, > 0 such that

K,
Fr, > <_C’ +V> n

Hence, one may choose v close enough to 0, then C' large enough for ‘—% + V‘ to be smaller than
|e|, so that there exists zp < 1 such that

g Z /B[,un Fr, n] g Z n — 0.

‘LQ’ n>C|LQ)| ’LQ’ n>C|L9)| L—too

Finally, putting together this limit and (22) for the same constant C', one gets

g.c.

thlggf ‘FLQ] mf{fc }

Explicitly (see (17), p. 21), and identifying the limit,

FP
) g.c. __ c.
0] o e = e}

c) Using the facts that the Legendre transform is involutive for convex and lower semi-continuous
functions, one finally gets

C.
FL,NL P

— supq fre+ )
LQ] e Ui+ o}
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1 PRELIMINAIRES D’ANALYSE FONCTIONNELLE 2

Introduction

Ce document sert de complément technique a son attaché Mathematical results on Bose—FEinstein
condensation for the Free Bose Gas, rédigé pendant le méme temps. Ce dernier expose divers
résultats de convergence sur les opérateurs particuliers, appelés matrices de densité, qui décrivent la
condensation de Bose-Einstein pour un gaz de bosons sans interaction, a la fois dans les formalismes
canonique et grand canonique, et pour des Laplaciens avec conditions aux limites de Dirichlet,
Neumann et périodiques.

Le présent document présente quelques outils fondamentaux d’analyse fonctionnelle qui per-
mettent de définir ces opérateurs. On introduira notamment certains espaces de Banach et de
Hilbert spécifiques qui formeront donc la base de la modélisation des probléemes considérés dans le
document attaché.

1 Préliminaires d’analyse fonctionnelle

Cette partie présente les espaces de Banach, leurs espaces duals et leurs topologies, ainsi que les
propriétés remarquables de ces topologies, qui permettent de trouver des conditions pour que les
espaces de Banach posseédent certaines propriétés particuliéres (comme notamment la réflexivité ou
la séparabilité). Ces résultats généraux seront tres utiles dans la suite lorsque 'on s’intéressera a
des espaces de Banach particuliers, notamment aux espaces /7, L et &GP, de Hilbert pour p = 2.

Les résultats présentés dans cette partie sont pour la plupart détaillés dans les premiers chapitres
du livre de Brézis [1].

Définitions élémentaires
Définition 1.1. Un espace de Banach est un espace vectoriel normé, complet pour sa norme.
Définition 1.2. Pour un espace vectoriel normé (E,|.||g) quelconque sur le corps K, on

appelle son dual topologique (ou tout simplement son dual lorsqu’il n’y a pas d’ambiguité)
I’ensemble des formes linéaires continues sur F, et on note

E' = L(E,K).
On munit canoniquement l'espace E’ de la norme

(x
|ll & = sup k@l _ sup |I(z)],
zeFE ||ZE| rEBE

ou Bp = {z € E | ||z| < 1} désigne la boule unité de E.

Remarques. 1. Le dual topologique (E',||.||g/) est toujours un espace de Banach si le corps K est
complet. La complétude de K permet en effet de montrer la convergence simple des suites de
Cauchy de E’, et il suffit alors de vérifier que la limite reste dans E’ et que la convergence se fait
pour la norme de E’.

2. On différencie le dual topologique par rapport au dual algébrique, qui est I’ensemble des formes
linéaires sur £ (qui ne nécessite pas de topologie).
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On s’intéresse également souvent au bidual de E, noté E" = (E')’.

Propriétés remarquables des espaces vectoriels normés - définitions

FE espace vectoriel normé s’injecte naturellement dans son bidual par l'isométrie

E — E"
. EF — K
o I — z) |

Définition 1.3. Si lisométrie J : E — E” est surjective, alors E est isomorphe a son bidual
et on dit que E est réflexif.

Définition 1.4. E est dit séparable s’il possede un sous-ensemble dénombrable et dense.

Définition 1.5. Un espace topologique est dit métrisable si sa topologie découle d'une mé-
trique.

Remarque. Mise en garde : il existe des espaces pathologiques qui s’injectent dans leur bidual par
une isométrie bijective différente de J mais qui ne sont pas réflexifs.

Propriétés remarquables des espaces vectoriels normés — propriétés

Propriété 1.1. Un espace de Banach est réflexif si et seulement si son dual est réflexif.

Propriété 1.2. Un espace de Banach dont le dual est séparable est lui-méme séparable.

Cette proposition n’admet pas de réciproque sans conditions supplémentaires.

Propriété 1.3. Cependant, si un espace de Banach est séparable ET réflexif, alors son dual
Uest également (c’est donc aussi une condition nécessaire).

Preuve. 1.1. Modulo l'identification par l'isométrie J, on a facilement £ = E” = E' = E".

1.2.

Pour le sens réciproque, le sens direct implique que E” est réflexif. Alors, J(E) est aussi réflexif
en tant que sous-espace fermé de E” (c’est une conséquence du théoréeme de Hahn-Banach [1],
du théoreme de Kakutani (1.2) et du théoreme 1.3, énoncés dans la suite), ce qui prouve que
E est réflexif.

Soit (1), dense dans E’. Par définition de la norme sur £, il existe (z,)nen € EN telle que

1
Vn € N, ||z,|| =1 et 1, (z,) > §||ln||

On pose alors D = Vectg(z,), dénombrable et dense dans V' = Vectg(z,,). Montrons que V' est
dense dans E. Pour cela, considérons une forme [ € £’ s’annulant sur V' et montrons qu’elle
est nécessairement nulle sur £. Pour e € RY, IN € N: ||l — ly|| < . Alors,

1< 1= Inll + vl < e +2(n = Dizn) < 3e.
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1.3. Si E est réflexif et séparable, E” = J(E) l'est aussi, et donc E’ également par 1.2.

Pour la preuve du 1.2, on a utilisé des théorémes qui reposent sur des topologies plus faibles que
la topologie découlant de la norme.

Topologies faibles

E

On note z, — , ou tout simplement x, — z pour signifier que la suite (z,,)nen € EN
n

converge vers z € I/ pour la norme de E.

Définition 1.6. On munit I'espace E de la topologie faible définie comme suit :

E K
T, = vsi |Vle B l(z,) = ()

Similairement, on munit £ de la topologie faible-x définie par :

B K
I, =« lsi |Vx e B l,(x) = I(x)

Remarque. Si E est réflexif, il peut étre vu comme le dual de son dual, et alors les topologies faible
et faible-x sont les mémes.

Propriété 1.4. i. La convergence forte implique la convergence faible.

E
ii. Six, = x, alors (||z,]]) est bornée et ||z| < liminf ||z,].

E B K
iii. Six, — x faiblement et l, — [ fortement, alors l,,(z,) — I(z).

Preuve. i Pourle F'| |l(z,) —l(z)| = [l(xy, —x)| < ||| - |zn — ]|
ii. Pour tout I € E’, (I(z,)) = (J(x,) - 1) est bornée. Par le théoreme de la borne uniforme [1]

(Banach—Steinhaus), (||z,||) est bornée. L'inégalité |[(x,)| < ||| - ||zn] donne & la limite
[(z)] < ||| - lim inf ||z,[[, ce qui permet de conclure car ||z = sup,eg,, [I[()].

i b () = U2)| < Jln(n) = Uwa)| + [Hn) = U@)] < b = U] - sup [z + |1(2n — )]
O

La topologie associée a la convergence faible, appelée topologie faible, est la plus grossiere telle
que toutes les formes (I : £ — K) € E' restent continues. C’est une construction classique en
mathématiques lorsque, comme ici, on dispose d'un ensemble de fonctions a rendre continues. On
rappelle que la topologie est définie par ses ouverts qui doivent étre stable par intersection finie et
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réunion arbitraire. On considére donc toutes les intersections finies d’ensemble de la forme (~!(O)
avec O ouvert de K, puis on ajoute toutes les réunions arbitraires de ces ensembles. Par un résultat
développé dans le livre de Folland [2, section 4.1], ces ensembles restent stables par intersection
finie et définissent donc bien une topologie. Dans notre cas de figure, cette construction offre la base
d’ouverts suivante

({x € E|Vie Lk |- < g})

>0, keN, (I;)e(E")k

pour la topologie faible, qui repose sur des familles finies d’éléments de E’. Une construction
similaire s’applique également a la topologie faible-x et fournit une base d’ouverts comparable.

Lemme 1.1. (Goldstine) J(Bg) est dense dans Bg» pour la topologie faible-x de E”.

Preuve. Soit & € Bgr. D’apres ce que l'on a énoncé sur la construction de la topologie faible-x,

il suffit de montrer que pour un voisinage quelconque de ¢ de la forme V = {n € E" |V i €

[LE]IE—n)l)| <e}, VNJ(Bg) #0,ie. 3z €Bg: Vie[lk],|(§—Jx)L)| <e.
Supposons par absurde que V @ € Bg, i € [1,k] : |(§ — J(x))(l;)| = €. En posant

E — KF*

7rr o () 1<k

Y

cela revient a dire que le vecteur a = (£(1;))1<i<k n'est pas dans 'adhérence de ¢(Bg). On peut
donc séparer le singleton {a} et ¢(Bg) par un hyperplan :

k k
3 (B8,7) e K" x K : Vx € Bg, Y Bili(x) =8 p(x) <y < B-a=Y_ Bl).
i=1

i=1

Il en suit finalement que

k k
D Bili|| < v <> Bik(l),
i=1 =1

d’ou la contradiction, car étant donné que & est linéaire et de norme 1, on a en fait

E Bi€(l:)

k
> Bili)-
i=1

NB : on a en fait démontré une partie du lemme de Helly qui montre que (1) est suffisant [1].
Théoreme de Kakutani par le théoreme de Banach—Alaoglu—Bourbaki
Théoréme 1.1. Bg: est compacte pour la topologie faible—x de E'.

Théoréme 1.2. (Kakutani)
Un espace de Banach E est réflexif si et seulement si Bg est compact pour la topologie faible.
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Preuve. Commencons par montrer le théoréme 1.1. Observons Y = K¥ = {(w,).ep € Y} len-
semble des applications de E dans K, muni de la topologie produit i.e. la plus grossiere telle que les
projections (w — w;)zex soient continues. C’est en fait la topologie de la convergence simple.

L’espace E’ s’injecte naturellement dans Y par ® : [ — (I(x)).er, qui est continue de E' muni
de la topologie faible-x dans Y. ®~! est également continue (! (w)(z) = w,) vis-a-vis des mémes
topologies : ® est un homéomorphisme de E’ dans ®(E£’), ou

O(E)={weY |V(r,y,\) € E? x K, Wotry = Wy + Awy et |w,| < 2]} =K

Et enfin K est un compact de Y comme intersection de {“wy1xy = wy + Aw,,”} qui est fermé et
{weY | Vo e B, |w| < |zll} = aesl —llzl, llz[| ] qui est compact. O

On peut désormais montrer le théoreme 1.2. Si I'on suppose la réflexivité, alors J(Bg) = Bgr
est compacte pour la topologie faible-x de E” d’apres le théoreme que 'on vient de démontrer, or
J~1 est continue de E” muni de la topologie faible-x dans £ muni de la topologie faible, car pour
tout I € E',[€ — I[(J7H(E)) = &(1)] est continue sur E” munie de la topologie faible-x, donc Bg est
compacte pour la topologie faible.

Pour le sens retour, en supposant la compacité faible de la boule unité et par continuité de
J par rapport aux mémes topologies que précédemment ((F, faible) — (E”, faible-x)), J(Bg) est
compacte dans E”, donc en particulier fermée. D’apres le lemme de Goldstine (1.1), J(Bg) est dense
dans Bgr, d’ou finalement J(Bg) = Bg».

O
Théoreme 1.3. Une partie conveze de E fortement fermée est fermée pour la topologie faible.

Preuve. Soit C' une partie convexe F fermée pour la topologie forte. On va montrer que le com-
plémentaire de C' est ouvert pour la topologie faible. Soit donc = € C°. Par le théoreme de Hahn-
Banach [1], il existe (I,a) € E' x R tel que

Yy € B, I(x) < a<l(y).

On considere
O={ze€FE|lz)<a},

de sorte que x € O, CN O # (), et O est un ouvert de E pour la topologie faible. O
Uniforme convexité et théoréme de Milman—Pettis

Définition 1.7. Un espace de Banach est dit uniformément conveze si
2 T+y
Ve>0,36>0: V(z,y) € B, [llz—vy||>¢e]= = <1-¢].
Théoréme 1.4. Un espace de Banach uniformément convexe est réflexif.
Remarque. L’uniforme convexité signifie que la spheére unité Sp = {x € F | ||z|| = 1} ne contient
pas de ligne droite, elle est en quelque sorte arrondie. Il est trés surprenant qu'une telle propriété,

d’ordre géométrique et qui dépend de la norme choisie, implique une propriété topologique forte,
qui quant a elle ne dépend pas de la norme tant que ’on reste dans une méme classe d’équivalence.
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Preuve. On va montrer que Sg» C J(Bg). Pour cela, il suffit de montrer que pour £ € Sgr,
Ve>0,dJaxeBg: [|£E-J()| <e.

Soit donc € € RY.. On note 0 > 0 le module d'uniforme convexité donné par €. Prenons | € Sg telle

que (1) > 1 — % (ce qui est possible par définition de la norme de E”). On considére

V:{UEE”

-0 <3|

qui est un voisinage de £ pour la topologie faible-x de E”.
D’apres le lemme de Golstine (1.1, résultat de densité), il existe x € Bg tel que J(x) € V.
Supposons par I'absurde que [[§ — J(z)|| > ¢. On peut alors observer

W = (J(x) + 5BE11)C
qui est également un voisinage de &, de méme que W NV. En réappliquant le lemme de Goldstine,
JyeBg:Jy) e WnV.

Comme J(z),J(y) € V et grace aux propriétés de I'isométrie J,

2 (1) — Uz +y) <6, (2)
d’ou
C.S 1 (2) 5 (%)
S e ey > -5 > 14

(C.S) par I'inégalité de Cauchy-Schwarz, (x) par choix de [. Il reste alors a utiliser la forte convexité
qui implique que
lz—yll <e,

ce qui conduit & une contradiction puisque J(y) € W. O
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2 Application aux espaces IL? et /¥, espaces de Hilbert

Dans cette partie, on définit les espaces de Hilbert, qui sont des espaces de Banach particulier,
en présentant les exemples des fonctions et suites de puissance intégrable ou sommable.

On utilise les résultats de la partie précédente pour étudier leurs topologies et leurs duals, pour
obtenir des résultats a la fois similaires et préparatoires pour la partie suivante sur les espaces de
Schatten.

Définition 2.1. On appelle espace de Hilbert un espace vectoriel sur R ou C, muni d’un produit
hermitien ( -, - ), et complet pour la norme associée a ce produit hermitien.

Remarque. On choisit comme convention pour le produit hermitien qu’il est linéaire a gauche et
semi-linéaire a droite.

Théoréme 2.1. (Théoréme de représentation de Riesz) Soit H un espace de Hilbert.
Pour toute forme | € H', il existe un unique a; € H tel que

VeeH, l(z)=(x,a).
Ainsi, tout espace de Hilbert H est isomorphe a son dual par l'isométrie semi-linéaire

H — H
l'—)CLl

Y

ce qui permet d’identifier 'un et l'autre et de noter simplement l(z) = (z,1).

Preuve. Soit [ € H'\ {0} (ag = 0 est trivial). Pour a € (ker!)* non-nul,

Vo € (kerl)*, 1 (:g — ;Ei%) =0,

donc ,
Vo € (kerl)*, z — ZEI;a € (ker ) Nkerl = {0}.
a
Ce qui signifie que (z,a) = ||a||2%7 et on vérifie que a; = 7%; convient (I'unicité est facile a

voir par semi-linéarité, de méme que la préservation de la norme).

2.1 Espaces .Y

Cette partie présente les espaces des fonctions de puissance intégrable ILP. La définition de
I'intégrale, ainsi que les résultats d’intégration essentiels (théoreme de convergence monotone de
Beppo-Levi, théoreme de convergence dominée de Lebesgue, lemme de Fatou, théoréeme de Fubini)
ne sont pas rappelés ici mais pourront étre trouvés dans 'ouvrage de Faraut [3].

Soit (2,7, 1) un espace mesuré. On note Fp,5(§2, C) I'espace des fonctions mesurables & valeurs
complexes sur (9,7, 1) [3].

On introduit la notation (uV) qui signifie “u—presque pour tout...”.
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Définition des espaces L.?

Définition 2.2. On définit les sous-espaces de F,,.s suivants, dans lesquels les fonctions sont
identifiées presque partout :

L) ={f € Frnes | IC €R: p(f(z) > C) =0},

muni de la norme
[ flloo = inf{C € R | u(f(x) > C) = 0},
L1sr du< oo},
Q

11, = ([ 111 d)”

et pour 1 < p < oo
LP(Q) = {1 € Foes

muni de la norme

Propriétés élémentaires

Propriété 2.1. (Inégalité de Hélder) Soit p,q € [1,00] tels que 1% + % =1.
Pour (f,g) € L? x L9, fge L et || fglls < [ fll,llglly-

Propriété 2.2. (Inégalité de Minkowski)
.|, est effectivement une norme sur LP, qui définit donc bien un espace vectoriel normé.

Remarque. Pour f € ILP et g € L9, I'inégalité de Holder permet de définir le produit scalaire

(f.9)= | fa.

Preuve. 2.1. dans le cas non-trivial 1 < p,q < oo.
Presque pour tout = € 2, I'inégalité de Young donne (par concavité du logarithme)
1 po 1 q
|f(@)g(x)] < =[f(@)] + =|g(z)[".
p q
On a donc fg € L! et, en dilatant f d’un parameétre A > 0,
< A e o L
[ @t < A+ ol

q
En choisissant A = || f||-" - [|g||¢ qui minimise le terme de droite divisé par A, on obtient

1

A gl 1 s (24 2t o
Zilgllee =(=+= Ngllq-
qq P » q P a

191l <
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2.2. dans le cas non-trivial 1 < p < co. Soit f,g € LP.
Presque pour tout o € €2, par croissance de x — 2P sur RT,

[f(2) + g(@) " < (If (@) + [g(2) )" < (2max{|f(z)], [g(x)]})" < 2°(|f ()" + [g(x)["),

de sorte que f + g € LP. De plus,

1f =+ 9l = /Q [f+ gl +al < If+allp (Ll + llall)

par I'inégalité de Holder avec |f + g[P~! € L? [ identité remarquable : ¢(p —1) =p .
Théoréme 2.2. (Fischer—Riesz) Pour 1 < p < oo, L est un espace de Banach.

Preuve. On prouve le théoreme dans le cas 1 < p < oo plus compliqué. D’apres ce qui précede, il
suffit de montrer la complétude.

Soit une suite de Cauchy (f,)nen dans (L?, || - ||,). Modulo l'extraction d'une sous-suite, on peut
supposer

Vne N? ”fn-H - fn“’P <35,
On pose, pour n € N* :

(V) x € Q, gn(x Z | frer1(z) — filz)],

de sorte que ||g, ||, < 1. Par le théoréme de convergence monotone, la suite (g,,) converge ponctuel-
lement presque partout vers une fonction g € ILP.
De plus, presque partout, pour n < m € N*,

(@) = fin( Z i (2) = fr(@)] < lg(x) = gna(2)], (3)

donc (f,(z)) est presque partout de Cauchy donc converge ponctuellement vers une fonction f qui
vérifie presque partout, d’apres (3), pour n € N,

[f(x) = ful2)] < g(2).

Ainsi, f € P et la convergence se fait également dans ILP d’apres le théoreme de convergence
dominée : presque partout, |f,(z) — f(z)[P —n00 0 avec | fo(z) — f(z)P < g(x)? € L.

0
Dualité des espaces L.?
Propriété 2.3. Pour 1 <p < oo, en posant ¢ = - de sorte que —I— ~=1o0na
(LPY = 1L9.
En particulier, ILP est réflexif.

Propriété 2.4. (L') =1>.
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Remarque. Dans les deux cas, £’ = F' est a prendre au sens que

VicE, AfeF: Voek, 1(¢)=/97¢,

avec [ — f isométrique.

Preuve. 2.3. On commence par montrer la réflexivité pour p > 2 en utilisant I'uniforme convexité

2.4.

(th. 1.4). Pour f,g € LP(Q), par croissance de z +— (224 1)2 — 2 — 1 sur RT, (uV) z € Q,

p<<V@ﬁ+ﬂ@

p
2 3

2)g<fwfggmf>’

f(x) = g(x)
2

2

‘f@%+ﬁ@
2

" |t

+ |

d’ott par convexité de z +— |z|P72 (p = 2),
f+g f—g
2 115

p p 1
< UG+ lgl).
p

p

D’apres cette derniere inégalité, pour f, g € By telles que ||f — g, > ¢,
p
Sl e (Y,
2 2
d’ou le résultat.

Dans le cas 1 < p < 2, pour v € LP, on définit T : LP? — (L9) tel que Vf € L9, Tu(f) = [uf
est semi-linéaire continue. Par I'inégalité de Holder, |Tu(f)| < [Jull,|| f]l4 done ||Tu||Le < ||u]lp-

p

p

En prenant fo = i € Li(avec fo =0 quand v = 0), on a Tu(fy) = |lul/}, et

ul

p—1

— p —
ol = (f fule=20) ™ =l

d’ou | Tul|Le = |Jul|,- Ainsi, T'(L”?) est un sous-espace fermé de (L?)" (car L” est complet), qui
est réflexif car ¢ > 2. Cela implique que T'(LP) est réflexif (on a déja utilisé ce résultat dans
la preuve de la propriété 1.1) et donc que LP 'est également.

Il reste a montrer que T est surjective. Son image étant fermée, il suffit qu’elle soit dense.
Prenons donc h € (IL?)” tel que

Vu € LY (Tu, h) = 0.
Si on choisit en particulier u = W%p, on obtient bien que ||, est nul : A = 0.
On travaille plus facilement sur des ensembles de mesure finie. On prend donc (€2,,) € TV
croissante telle que |€2,] < 0o et 2 = U,ey 2n- On note x,, la fonction caractéristique de €2,,.
L’unicité de la correspondance se fait facilement par linéarité, sur les €2,, puis sur €.
Pour ¢ € (L'Y, il reste donc & construire 'élément v € L°° qui correspondra. Pour une suite
de réels (e,)nen € (Ri)N, on prend 0 € L?(Q,R) telle que 6 > ¢, sur Q,.
(Hﬂ — C

est une forme linéaire continue (6 f € '), d’ot1 par le théoréme de Riesz :
fo— w@ﬁ) (5L P

Jvel?: Vfel? @(Qf):/gv?.
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On pose :

<

Alors, on a le premier résultat suivant :

Vg € L™, ¢(xng) = / u(Xng) (4)

en prenant f = X352
Pour montrer I'isométrie de la correspondance, montrons que [|ul| < [[¢[/w1y. Quel que soit
C > ||¢l|@wy, en posant A = {z € Q / |u(x)| > C} et g = signe(u) - x4, on obtient (4)

< AN Q.
Joo Tl < el An Q|

soit finalement C|A N Q| < [|o|lwry|ANQ,| donc AN, =0, ce qui permet de conclure.
Enfin, pour étendre le résultat (4) aux fonctions h € L', on s’intéresse aux troncatures de h :
ho(z) = [h(@)|X(h(2)|<n) T+ signe(h(x)).nX(n()<n), €0 observant x,h, —n h en norme L'
par convergence dominée. []

Propriété 2.5. Si la mesure p n’est pas composée d’un nombre fini d’atomes, alors IL°° n’est pas
séparable.

Preuve. En prenant des ensembles (w;);c; mesurables distincts du point de vue de p avec I indé-
nombrable, on pose — en notant x4 la fonction caractéristique de ’ensemble A

0= {fe1=@ |17 - xule < 3}

Ces ensembles sont des ouverts disjoints. Des lors, si (u,)nen est dénombrable dense dans 1>,
alors Vi € I, 3 n(i) € N: w,u € O; ce qui est impossible car I est indénombrable. []

Propriété 2.6. Si Q est séparable, alors LP()) est séparable pour 1 < p < oc.

Preuve. Dans le cas Q = R? plus simple, on montre que Vectg <X1—Id ag, by € @) est

izl]almbk[

dénombrable dense (voir la preuve complete dans [1]).
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2.2 Espaces /*

Définition des espaces (*(C)

Définition 2.3. Des cas particuliers des espaces L” sont les sous-espaces de I'espace des suites
complexes définis ainsi :

*(C)={ueC|ICeR: ¥neN,|u,| <C},
muni de la norme
|t]|co = inf{C € R | Vn € N, |u,| < C},
et pour 1 < p < o0
P ={ueC| Y fu,f < oo},

n=0

1

P

[ull, = (Z Iunl”) :
n=0

Remarque. On remarque immédiatement que les espaces [P sont exactement les espaces LLP
pour une certaine mesure atomique sur N. Ainsi, tous les résultats de la partie précédente se
répercutent sur ces espaces.

muni de la norme

Comparaison des normes ?

Propriété 2.7. Soient 1 < p < g < 00. Alors P C 1 et
Vu € 6, ullg < lullp
et

Vuel?, Jlully — lufl
q—+00

Preuve. Soit u € /7. V k € N, 1L < 1. Alors, par décroissance de (( | )n) lusl -

Tl el ) /7 Tullp
On s’apercoit en sommant cette grandeur que u € £7 avec ||ul|, < ||u|,.

De plus,

N
=
>

SR IS)

lull = > funP*P < Jufl? - [|ull 47,
n=>1

donc
lim inf {Jully < fJuflee < limsup [[ufly.
q

Propriété 2.8. (' n'est pas réflexif.
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Preuve. Procédons par I'absurde. Si ¢! est réflexif, alors la boule unité est compacte pour la
topologie faible (th. 1.2). En prenant un ensemble ortonormé (e,,) et a extraction pres, on a :

drxeBp: Yoel® (pe,) — (px).

n——+00

Vi eN, (wj,x> = limn_>oo<§0j>€n> =1

En choisissant ¢; = (0,...,0, 1 ,1,1,...),on a (oa) =1 — Ocarz e f!

Jj—+oo

Corollaire 2.1. L! n'est pas réflexif si ) n'est pas vide.

Preuve. La proposition précédente traite le cas ou p est atomique. Dans le cas contraire, on peut
affirmer :
Ve, JweT: 0< p(w) <e.

On peut donc construire (w,) € TV décroissante telle que p(w,) — 0. On pose u, = o € B
n—+o0o "

Désormais, supposons par I'absurde que L! est réflexif. Alors par compacité de la boule unité,

EIuEBU:VgOG]LOO,/ngn — OT.

n—-+o00

Vi €N, [ux,, =limuen [ UnXw, = limMpen [u, =1

Alors, ., .4
Jux.,, — 0 par convergence dominée

j—+oo

3 Algebres de Schatten

Enfin, la derniére et plus aboutie des structures que 'on présente dans ces préliminaires sont
les algebres de Schatten, équivalents non-commutatifs des espaces P pour les opérateurs compacts.
Ce sont de tels opérateurs que 'on étudiera pour décrire le comportement de systemes physiques
comme le gaz de bosons.

On considere un espace de Hilbert (H, (., .)). On s’intéresse en particulier aux opérateurs bornés
sur H, notés B(H), et compacts sur H, notés K(H).

Rappel (voir le cours de Mathieu Lewin [4] : les opérateurs compacts sont ceux qui envoient la
boule unité sur un ensemble d’adhérence compacte. () est un idéal bilatere fermé de B(H), et
la fermeture de I’ensemble des opérateurs de rang fini.

On note A* 'adjoint de A. Ces notions sont détaillées dans le cours de Simon [5, chapitre 3].

Définition 3.1. Soit A € K(H). Alors l'opérateur valeur absolue de A : |A| = VA*A est auto-
adjoint compact, en particulier il est diagonalisable dans une base orthonormale de vecteurs propres.

On note ses valeurs propres (pu;(A)). Celles qui sont non-nulles sont les mémes que les (p;(A*))
qui sont non-nulles; on les appelle valeurs singuliéres de A.
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Définition des algebres de Schatten G”

Définition 3.2. On définit les sous-espaces suivants de I’espace K(H) :

Pour 1 < p < o0,
S"(H) ={A e K(H) | (m(A)) € &},

muni de la norme

1Al = 1} (14 (A)); [ler-

On notera parfois 6> = C muni de la norme d’opérateur classique ||A|| = ||u(A)|lee = [|A||co-

Remarques. 1. On montre dans la suite qu’il s’agit bien de normes (prop. 3.3), que ces
espaces sont des algébres (cor. 3.1) et des espaces de Banach (prop. 3.6, par dualité).

2. Les algebres de Schatten sont comparables aux espaces 7, a la différence notable qu’elles
ne sont pas commutatives. Cependant, certains résultats sur les espaces /¥ tiennent
toujours : on peut par exemple inférer la comparaison des normes (prop. 2.7 et 3.1).

Propriété 3.1. Soient 1 < p < q < 00. Alors &P C &1 et

VA e &7, ||All, < A,

et

vAe &, [[All, — Al

q—r+00

Un résultat utile : la décomposition polaire [5, partie 3.5]

Théoréme 3.1. Pour A € L(H), il existe une unique isométrie partielle U de ker(A)* dans

ker(A*)* et telle que
A=U|A|

Si A est compact, et que 'on diagonalise |A| dans une base orthonormée de vecteurs propres :

Al = Zﬂn ) |¥n) {Wnl,

n>1

on peut alors écrire

A= 1in(A) [U%n) (Wl = D 1n(A) 16n) (0] (5)

n>1 n>1

ott (¢, = U1),) reste une base orthonormée (BOn) car v; € ker(|A|)*t = ker(A)*+.

Propriété 3.2. Conséquence du théoréme de Courant—Fischer [5, Max-Min criterion]
Les valeurs singuliéres d’un opérateur A borné vérifient :

A
Vi e N, puj(A) = inf [sup”gpnl.

amb=i1 | 210 el
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Corollaire 3.1. Pour A et B deux opérateurs bornés,
1 (BA) < [|Bllp;(A) et pi(AB) < || Allp;(B),
de sorte que pour A € &P, B € B, on a AB € &P, BA € &P et
|ABIl, < [[Ally||BI| et [BA[l, < | B[ Allp-

&P est donc un idéal bilatére de B, et en particulier une algébre.
La norme |||, est une norme d’algébre car ||AB|, < ||Al,||BIl < [|All,l|Bll, (prop. 8.1).

Preuve. La premiere inégalité est une conséquence directe de la proposition 3.2 et la seconde s’en
déduit car

pi(AB) = p;((AB)") = i (B*A%) < || B*[| 5 (A%) = || Bl (A).
On en déduit alors le second point.

Propriété 3.3. Ecritures différentes pour la norme |.|,.
Pour tout 1 <p<oo, A€ &P, ona:

[All; = =~ max (ZI(wn,A%Hp)- (6)

(¢n),(¥n)BOnN n>1

On en déduit notamment qu’elle vérifie 'inégalité triangulaire (autre inégalité de Minkowski).
Pour1<p<2, AeB? ona:

(¢n)Bon

[A[l; = min (ZlHAsanp)- (7)

Pour2 <p<oo, A€ &P, on a :

p_ P
Al = max (Z 4. ) 0
Remarque. A partir de la définition (6) de la norme, on peut définir les espaces de Schatten comme

des sous-espaces de B(H) :
&"(H) ={A € B(H) | [|All, < oo},

et il est remarquable que ces ensembles restent inclus dans (H) car pour toutes BOn (¢,) et (¢5,),

(Un, Ay — 0, et on peut alors écrire A comme limite d’opérateurs de rang fini [5].
n—-+00

Preuve. Le fait que ces extrema sont atteints est trivial en choisissant de bonnes BOn.
Reste a montrer les inégalités qui correspondent : chacune procede d’un lemme plus général.

V=13 |Cnm’

V' m >1Zn>1|cnm‘<1’ on

Lemme 3.1. Pour des coefficients (Cpm)1<nm<co tels que {

> Comtim
m>1 n

V (tn)nz1 € 07, < [l Cwn)nller-

o
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Preuve du lemme Pour y € ¢4, en utilisant deux fois I'inégalité de Holder,

Q=

1
1 1 P
Z |Crml ? [Crm |9 [t |[yn| < (Z |Cnm|’un’p) (Z ]canym]q) < Hu”pHqu
m,n=>1 n=1 m>=1

et on conclut par dualité & : ||z||, = sup,cp,, [>Znz1 Tn¥n| - O

(5
AinSia siA = Zn>1 /LH(A) \an>(an|,

=

D K, Ag) P < D2 (AP~ [y ) (@n, o) [P < Y (AP = [JA[I}

m>=1 m,n=1 n>=1
avec Cpm = (Vms Qn) (@, G ) qui en vérifient les conditions par Cauchy-Schwarz dans 2.

Lemme 3.2. Pour A un opérateur positif (A > 0:Vx € H,(x,Az) 2 0), ety € H,

VO<vy<, (y, Aly) < (y, Ay)?|y[2E=Y
V1< y<oo, (y, Ay) > (y, Ay) |y

Les inégalités se déduisent alors du cas v = & (les preuves détaillées sont dans I'article de Charles
McCarthy [6]).

Le cas &' : définition de la trace

Pour A € &1,

—
=)
=

4l = X () = max (Z |<wn,A¢n>|) ,

n>1 n=>1

ce qui implique que la série

> (fns Adn)

n>1

est absolument convergente pour toute BOn (¢,,), et est indépendante de la base orthonormée
choisie. On appelle alors cette quantité trace de A, notée tr(A). Elle est évidemment linéaire

et [|Ally = tr(|A]).

Propriété 3.4. La trace est continue sur &' : pour A € &', |tr(A4)] < ||All;.

5
Preuve. Comme la trace est indépendante de la base choisie, si A = 3,51 pn(A) |ay,){(an],

—~
=

tr(A)] = | > 1n(A) (o, an){an, am)| < D |1n(A) {an, an)| < [|A]lx

n,m>=1 n>1
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Propriété 3.5. La trace est symétrique. Plus précisément, pour A, B € &', en notant (voir (5))

A= pm(A)|am)(am| et B =" 11,(B)|5,) (bl

m>1 n=>1

on a

r(AB) = Y (00, ABO) = 3 prin( At (B)(bus 0} s, ) = tx(BA).

n=1 n,m>=1
Remarque. La preuve du lemme 3.1 permet de montrer que pour % + % =1, A€ &GP, Be &Y
AB € &' et |AB|l < [|A]lp - || Bll,-

Cela permet de définir la trace de AB. Dans le cas p = q = 2, cela construit un produit scalaire sur
G2, Plus généralement, la trace étant continue et linéaire, cela permet de définir une dualité entre
les espaces GF et &9, qui est 'objet de la propriété suivante.

Dualité des espaces &P

Propriété 3.6. Pour 1 <p < oo, en posant ¢ = - de sorte que —I— ~=1o0na
(67) = &1

En particulier, GP est réflexif et complet.

Propriété 3.7. (&) = B, il est complet.

Propriété 3.8. &' = K, il est aussi complet.

Preuve. On a déja vu (prop. 3.4 et remarque prélimaire) que |tr(AB)| < [[AB|1 < [[A]l, - | Bllq-

3.7 Soit A € (&'). Montrons qu’il existe B € B tel que A = (A — tr(AB)) avec ||B|| = ||\|. Pour
tous (6, 1) € H2, on pose B(6, 1) = M[¥)(@]) € K, qui vérifie

donc par le théoreme de représentation de Riesz, il existe B € B tel que
Y (6, 0) € H, |B(s,9)| = (¢, BY).

(5)
Enfin, si A = Y01 tn(A) |on){a,] € &, comme (p1,(A)),=1 € £, par linéarité et continuité,

VAe&, MA) =3 mn(A)Mon)(an]) = 3 pa(A) (a0, Bay) = tr(AB).

n=0 n=0
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Comme &' C &” avec domination de la norme, A € (&?)' se restreint a &' ot A : A — tr(AB).
Montrons alors que B € &4. Pour montrer qu’il est compact, supposons par 'absurde qu’a phase

et extraction pres, (¢,, Bw,) = 0 pour certaines BOn, avec (¢,, Bi,) — a>0.

n—-+o0o

Alors, pour 3 €]0,1] tel que Bp < 1, en posant Ay = S0, k~7|¢1) (x| € &P, on observe que

N

)\(AN) =tr ANB = Z ¢kank —r 4+ 09,
k=1 N—+o00
)
d’ou la contradiction. Comme B est compact, on peut écrire B = Y, o1 pn(B) |Bn) (bl

Alors, A (00, ikl Bx) (bil) = S0, wnpix(B), mais 3C > 0: V A € &7, |\(A)] < C| Ay, donc en
prenant x, = ju,(B)7,

> pin(B)° (Z B)la-Lp >p i.e. (Z ,un(B)q>q < Cl
k=1 k=1 k=1

|=

O

Soit A € K. Comme dans la preuve du 3.7, on pose on pose 5(¢,v) = A(|){(¢]) € K, qui définit
B € B tel que

YV (¢,9) € H?, Blo,¢) = (¢, BY).

On va montrer que B est & trace. On observe la suite d’opérateurs compacts K2, = 330 [1;) (o]

de norme inférieure & 1 pour (¥n)n, (én)n des BOn. A partir de deux telles BOn, on peut en
construire une troisieme (7,), en changeant la phase de facon a ce que ¥V n > 1, (n,,¥,) =

|(¢;, ;). Alors, )
A(BY,) = 3 o Avd)] < Al
k=1

de sorte que (prop. 3.3, (6)) A € &' avec [|All; < |-

Le fait que I'identification de ces espaces soit isométrique se déduit aisément des calculs.

Théoréme 3.2. Inégalité de Holder pour les espaces GP

Soit (p,q,r) € [1,00]? tel que 213 - % = % Soient A € &P et B € &1. Alors,

AB € & et |AB, < [|All, - [|Bll4-

Preuve. Le manque de commutativité empéche de se ramener au cas r = 1. Ce cas est d’ailleurs
une conséquence directe de la preuve du lemme 3.1, et le cas p = oo a déja été traité (cor. 3.1).

Supposons alors p,q < oo, 7 > 1. Soit ' = . Par dualité et densité, il suffit de montrer
T

|tr(ABC)| < [[Allp - 1 Bllg - 1Cl
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pour des opérateurs de rang fini. On se ramene enfin au cas ||A|, = || Bll, = ||C||» = 1.

On éerit done A = 5L, p(A)law){arl, B = S5y pu(B)IBe) (bel, € = S50y mi(C) ) (e,
et pour z € C on pose A(2) = S, pu(A) 5 Jaw)(arl, B(2) = TN, ju(B) 7 law){anl, f(2) =
tr(B(2)CA(z)).

Alors, pour z € iR, A(z) est une isométrie partielle et ||B(2)||, = 1, de sorte que ||[CB(z)||; <
ICl+ - || B]l» < 1 par le cas r = 1, et donc |f(z)| < 1. Pour z € 1+ iR, le role de A et B est inversé
et la conclusion la méme.

Pour des opérateurs de rang fini, f est analytique et bornée sur {z € C | 0 < R(z) < 1}, d’ou par
le principe du maximum (e.g. [5, partie 2]) | f| < 1 sur cet ensemble, et z = - permet de conclure.

,
O
Opérateurs Hilbert—Schmidt

Pour finir, on s’intéresse spécifiquement a I’algebre &%(IL%(2, 1)) pour un domaine 2 C R,
appelés les opérateurs Hilbert—Schmidt. On remarque au passage que [|A|3 = 3,51 [|A¢dn|]* =
Y nmz1 [(On, Ap) > ne dépend pas des BOn (¢n), et (¢p,)m choisies (cf. prop. 3.3).

Théoréme 3.3. Caractérisation des opérateurs Hilbert—Schmidt. Soit A € K(H).
On a l’équivalence

AeS? eI K, e LX) ¥ feLXQ), W)z e Q, (Af)(z) = /QKA(x,y)f(y)dy,
et dans ce cas on a l'isométrie

112 = 1 Kallz(oz) = /QQ | Ka(z, y)|dp(z)dply).

5
Preuve. = On écrit une fois de plus A = 3,51 ptn(A) |an)(ay,|. On pose alors

—~
=

VY (z,y) € %, Kalz,y) =D pn(A)an(z)an(y),

n>1

qui définit une fonction IL?(Q?). Et on vérifie que pour f € L2(Q2),z € Q, par Fubini,

| K@) f@)dy = X pal@)an(a) | Fy)anlydy = Af (@)

n>1

<« Par l'inégalité de Cauchy-Schwarz, ||Af||i2) < [[Kalliz@2 |l flliz@)- Soit (¢n)n=1 une base
orthonormée de L%(Q2). Comme (¢, ® Gp)n.m>1 €st une base orthonormée de 1L.2(Q?) [5],

(6 Ab) = [ | 0u(2)6 ()R, )dady = (6, © G, K),

et finalement [|A[[3 X, o1 (@n, Adim)|? = izt [0 @ b, KPP = [ K1E2(2). U
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Finalement, on a introduit les espaces IL?, P et &GP, dont on a étudié la structure et la dualité en
fonction de p. Voici un tableau récapitulatif de ces préliminaires, qui met en exergue les analogies
entre les différents espaces étudiés.

Tableau récapitulatif des dualités

l<p<oo| ()Y =01 (L) =17 | (6P) =61
1 1 _ 1\/ _ poo 1\ __ [’} 1\/ __
7;—|—5—1 p=1 (1Y =¢> | (LYY =L (&Y =8
p =00 gl g ([oo)l ]Ll g (Loo)l 61 :’C/
*
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